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The order is 3 since we take a third derivative. The equation is nonlinear because the nonlinear
term (dy/dz)* appears.

The order is 2 since we take a second derivative. The equation is nonlinear because the nonlinear
term —k/R? appears.

The order is 3 since we take a third derivative. The equation is linear since each term is linear.
Taking a derivative,

dy

— = 24e20¢,

dt

Then the left hand side of the differential equation becomes

% + 20y = 24e 2% 420 (g - ge2°t> = 24e 20t 4 24 — 24720t = 24

which agrees with the right hand side of the equation, so the given function provides a solution to
the equation. The solution is defined and C! on the entire real line so we can say I = (—00,00).

Differentiating,
y' = 25sec? 5.

The above gives the left hand side of the equation; the right hand side is 25 + (5tan5z)? =
25 + 25 tan? 5z = 25(1 + tan? 5z) = 25sec? 5z by the Pythagorean identity. Since the left hand
side and right hand side agree, the given function provides a solution to the equation. The

function is defined and continuous on the interval —7/2 < 5z < 7/2, for example, so we can take
I = (—n/10,7/10).

Differentiating,

1 d 1
y' = —5(1 - sinx)_3/2%(1 —sing) = 5(1 —sinz) %2 cos .

Substituting into the left hand side L of the differential equation,
L=2y =1 —sinz)*?cosz.
Substituting into the right hand side R of the differential equation,
R=y?cosz = (1 —sinz)~*/? cosz.

Since L = R the given function satisfies the differential equation.

Now we need an interval on which the function is a solution to the differential equation. The given
function is defined and continuous when 1 — sinx # 0 which is true, for example, on the interval
I defined by —37/2 < = < 7/2, so that is an example of an interval I on which the function
represents a solution to the differential equation. (Give other examples of such intervals.)
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3. (a) Differentiating implicitly,

d(—22y +y?)
d(—22y) +d(y*) =0
—2d(z%y) + d(y*) =0
-2 (d(z*)y + 2* dy) + 2y dy) =0
0
0

=d(1)

-2 (2z dz y + 2° dy) + 2y dy) =
—2zy dz + (2% — y)dy =

so the given implicit function defines a solution to the differential equation. Solving the quadratic
equation y? — 22%y — 1 = 0 for y gives y = 2> &+ /z* + 1; for a solution we consistently choose
either plus or minus, in which case the function is defined and continuous for all x in the interval
I = (—00,).

(b) Differentiating,

dy .2 zt2 2 d th .2 .2 th .2 2 .2
— = 2ze” " e’ dt+e " — e’ dt—2cize™ = —2xe™ " e dt+e % e —2cize™ "
dz 0 dz Jo 0

by the Fundamental Theorem of Calculus. Substituting the known values for y and y' into the
left hand side of the equation gives

xr x
—2we‘z2/ et +1-— 201306_‘”2 + Zme_””Z/ et + QClme_””Z =1
0 0

which agrees with the right hand side, so the given function is a solution to the given equation.
The given function is defined and continuous for all z in I = (—o00,00) by the Fundamental
Theorem of Calculus.

(c¢) Since the equation is third order we need to take 3 derivatives:

v =—cix 2 4+cy+eslne 4¢3 + 82

y" =227 + 3z +8

4 2

" — 3z 2.

Yy = —6cix”
Substituting what we know about y into the left hand side L of the given equation gives

L=2%(—6c127* — c3x72) + 222 (201272 + c3z™ ' +8) —z(—c127 2 + ¢ + c3lnz + c3 + 82)

+ez7t 4 o + sz lnz + 422

1

= —6cix”™" —c3x + deyz™t + 2c3x + 1622 + c1z7! — comw — csrlnxy — csx — 82

+eart+ e+ csrlnzx + 472
= 1222

after all the dust has cleared, which agrees with the right hand side, so the given function satisfies
the given equation. The function is defined and continuous on the interval I = (0, 00) which is
the largest interval on which a solution may be defined.

4. Because the given function agrees with a polynomial function at any non-zero point on the line, it
is differentiable with continuous derivative (i.e., continuously differentiable at such points). To check
differentiability at 0 we need to use the definition of derivative: y is differentiable at 0 if and only if
the limit

y(0+h) —y(0)
h

[ = lim
h—0
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exists. To evaluate the limit, we will find it useful to consider left and right-sided limits. From the
right,

_ 2 _
= dim YOER =@ o 0 s
h—0+ h h—0t+ h h—0+
and from the left,
_ _h2 _
- = i YO O TR0 o
h—0~ h h—0+ h h—0%t

Since the left and right-sided limits agree, the two-sided limit exists and has the value equal to that
of the one-sided limits, i.e., we can conclude that y is differentiable at 0 with derivative [T =1~ = 0.
Therefore the derivative of y is given by

-2z, <0
y'(@) =40, z=0
2z, z > 0.
It is readily seen that y'(x) is a continuous function (in fact, y'(z) = 2|z|) so y is continuously

differentiable on the entire real line. Substituting what we know about y into the left-hand side L
of the differential equation we obtain

2(—2x) —2(—2%) =0, <0
zy' — 2y = < 0(0) — 2(0) = 0, =0
z(2z) — 2(z?) =0, z>0

i.e., the differential equation is satisfied in all three cases, so we have found a solution defined on the
interval —oo < z < o0.

In fact, every member of the two-parameter family of functions

_Jax®, <0
Y cz?, >0

(where ¢; and ¢ are constants) is a solution to the differential equation, as you should be able to check
for yourself.

5. Taking derivatives,
y' =ma™ !
y" =m(m —1)z™ 2.
(a) zy" + 2y’ = 0 Substituting the above into the equation we obtain

zm(m — 1)z™ 2 4+ 2mz™ ! =0

m(m —1)z™ ! +2mz™ 1 =0

Assuming that z # 0 (which means that our interval I may be restricted to (0,00) or (—o0,0))
we can divide through by z™~! to obtain the quadratic equation

m24+m=0

which has solutions m = 0, m = —1. Both values of m give solutions defined on the appropriate
intervals (I = (—o0,00) for m = 0 and I = (0, 00), for example, for m = —1).
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(b) Again, substituting the above derivatives into the given equation we find that to have a solution
we must have

L =z*m(m —1)z™ 2 — Temz™ ' + 152™ = m(m — 1)z™ — Tmz™ + 152™ = 0.
Dividing the latter equation through by ™ we obtain the quadratic equation
m?—8m+15=0

with solutions m = 3 and m = 5. Both values of m give solutions to the differential equation
defined on the entire real line.
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