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1. While you could use the definition of the Laplace transform, it is easier to represent each of the given
functions in terms of the Heaviside step function and then use the formula for translation in the ¢-axis.

(a)

Here we have
fO)=1-—Ht—-4)+Ht-5=t—-00°—(t—-—4)°H({t—4)+ (t—5° H(t—5).

By the linearity of the Laplace transform and translation in the t-axis,
0 0 0 1 —4s 1 —5s 1
L{f)}=2L{t-0"}-ZL{t-49)"Ht -4} +ZL{(t-5) H(t—5)}=;—e g+e 5

Here we need to cancel out the sin function from 27 onwards, so
f(t) =sint — (sint)H (t — 2w) = sint — sin(t — 2m)H(t — 27)

by the periodicity of the sint. By the linearity of the Laplace transform and translation in the
t-axis,

1
s2+1

1
s241°

e—27rs

ZL{ft)} = L{sint} — L{sin(t — 2m)H(t — 27)} =
We can represent f(t) as an infinite sum of step functions:
f)=Ht-1)+H{t—-2)+H{t—-3)+---
Now assuming the technicality of convergence in some appropriate sense, we can apply linearity

and translation in the t-axis to obtain

efls 6725 6735 1

LUy = —+—+— +---=g(e_ls+e_25+e_3s+---).

The answer can be simplified by noting that the infinite series is a geometric series (z = e~*):

z
1 24..) =
zx(1+z+z°+---) -

by the rule for summation of infinite geometric series. Therefore we can write

—8

e

L{ft)} = A= e)s’

First, we write f(t) in terms of the Heaviside step function:
f(t)=1—2H(t—1).

The Laplace transform of f(¢) is
a1
210 = (1 -207)-.
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Taking the Laplace transform of both sides of the differential equation,
1
sY(s) —y(0)+Y(s) =(1—- 26’3);.

Using the initial condition y(0) = 0, solving for Y (s), and finding the partial fractions decompo-
sition,

1 1 1 1 1 1 1
Y(is)=(1l-e)——=(1-2"°) (= - == — 2= 4 2e7° .
() =(1—e )s(s+1) ( ¢ )(s s+1) s s+l s+ ¢ s+1

Taking the inverse Laplace transform,
yt)=1—et =21 —e N H(¢ - 1).

You should check that the above function satisfies the differential equation on the intervals (0, 1)
and (1,00), is continuous at ¢ = 1, and satisfies the initial condition y(0) = 0. Alternatively, for
the sake of comparison, you could try solving the problem by solving it separately on (0,1) and
(1, 00), and finding particular solutions that satisfy the initial condition and match at ¢ = 1.

The function f can be written
fH =1-H(t—1)

with Laplace transform

F(s) = (1= e7);

Taking the Laplace transform of the differential equation,

2V (s) - 5y(0) —'(0) + 4V (s) = (1 — %)

S

Using the initial condition, solving for Y'(s), and applying partial fractions,

1 o1 L1 (1 s
Y(S)__SQ—}—4+(1_.9 )s(s2+4)_ 82+4+(1 € )Z<E 32—}—4)'

Taking the inverse Laplace transform,

1

y(t) = —% sin 2¢ + l(1 — cos 2t) 4(1 —cos2(t—1))H(t-1).

4

You should check that the above function satisfies the differential equation on (0,1) and (1, 00),
satisfies the initial conditions at ¢ = 0, and that the function and its first derivative are continuous
at t = 1. For the sake of comparison, try solving the problem using undetermined coefficients.

Taking the Laplace transform of the differential equation,

—8

$2Y (s) — sy(0) — y'(0) — 55Y(s) — 5y(0) + 6Y(s) = <
Using the initial conditions and solving for Y'(s),

1 n e ?
s2—-5s+6 s(s2—55+6)

Y(s) =

In order to expand the fractions above as partial fractions, we need to factor the denominators.
We have
s2—554+6=(s—2)(s—23)

SO




and (saving a bit of work by making use of the above partial fractions decomposition)

1 _ 1 1 11 1111 11
s(s2—5s+6) s(s—3) s(s—2) 3s—3 3s 2s 2s5-—2
In summary,
1 1 1 1 11 1 1
Y(s) = - -5 (= Soo :
) =i3 52 7° (33—3+65 2s—2>

Taking the inverse Laplace transform,
1 1 1
y(t) = e — e + (363(t_1) - 562@_1) + 6) H(t—-1).

You should check that the above function really is a solution to the initial value problem. It
should satisfy the differential equation at the points where the input function is continuous, and
should be C' at points where the input function is discontinuous, and it should satisfy the initial
conditions.

Using the formula for the transform of a derivative,

3t 5 d° ¢ & ~1 —4
Z{t’e'}(s) = (-1) Eﬂ{e }(s) = _F(S —1)7 =6(s—1)"".

You could check by using the definition of the Laplace transform and integration by parts, but it
would be rather involved. You could speed up the work considerably by using a reduction formula
for the integral in questions, which you could find in any good table of integrals.

By the formula for the transform of a derivative,

_dd s _d 1-5 _ 28—6s
Cdsdss?24+1  ds(s2+1)2  (14s2)3°

L{t? cost}(s) = (—I)Z%K{COS t}(s)

Again, you could check using a reduction formula for the integral of ¢ cost.

By the formula for the derivative of a Laplace transform,
—3t d —3t
L{te™"" cos 3t}(s) = —E.Z{e cos 3t }(s).

You may be able to look up the latter Laplace transform in a table, or you could apply the formula
for translation in the s-axis:

Z{e 3t cos3t}(s) = L{cos3t}(s+3) = %
Substituting into the first identity,
d s+3  (s+3)?2-9

At cos3H() =~ g 3 19~ (43297

You may be able to check the above result with the aid of an even better table of integrals.

By the formula for the Laplace transform of a convolution,
LU xte(s) = LL2M(s) - Lt M) = = - Lpgety(s) = 2 L
s2 ds s3 (s—1)2

You may be able to check the above result by evaluating the convolution explicitly and calculating
the Laplace transform by other methods.
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(b) Just by looking at the problem, the answer should be

1 1

2t : _
.,S,ﬂ{e *Slnt}—sj'm.

You may be able to check by evaluating the convolution explicitly.
(¢) You should be able to identify this as

g{sint* COSt} = ﬁ
You may be able to check by evalutating the integral explicitly.

5. The inverse form of the Laplace transform of an integral may be written

2 {H o= L F) ) d.

S

(a) Applying the above formula,

z—l{ﬁ}(t)z/otz—l{sil}(ﬂ de/OterT:et—l.

You can check your answer using partial fractions.

(b) Applying the formula for the inverse form of the Laplace transform of an integral and using the
previous result,

z—l{wl_l)}(t):/otz—l{s(;ﬁ}(r) dT:/OteT—ldT:et—t—l.

You can check the answer using partial fractions.

(¢) The straightforward way of answering this question requires finding

Z‘l{ﬁ}(t) — {—dilssia}(t) — peot

by the formula for the derivative of a Laplace transform. Now by the inverse form of the Laplace
transform of an integral,

f_l{ﬁ}(t) :/Ot.z—l{ﬁ}(f) dT:/OtTeaT dr.

Integrating by parts,

¢ 1
7€ dr = T—e""
0 a

which is the desired inverse Laplace transform. You could check by partial fractions. Alternatively,
you could have applied translation in the s-axis to reduce the problem to

t

t1 1 1|
—/ —e dr = 7—e"m — e
0 0

L, Loy 1
= “te —e —
0o @ a? a?

at __
a a a?

o 0= e ramar) 0 = {mpaa | O

i.e., something very much like the previous problem 5(b).
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