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1. Taking derivatives of y; = cos(ln z),
1 = —sin(Ilnx) L
%

1 1
"no_ .
yy = —cos(ln x)ﬁ + sin(In :L‘)w—Q,

and substituting into the differential equation,

Ly, = 2%y} + 2y} + y1 = —cos(Inz) + sin(Inz) — sin(In z) + cos(lnz) = 0,

so y; satisfies the differential equation. Similarly, taking derivatives of y» = sin(ln z),
5 = cos(In x) 1
Ya = T
"o in(l 1 1 1
yy = — sin( n:z:)x—2 — cos( na:)x—z,
and substituting into the differential equation,
Lys = 2%y} + 2yh + y2 = —sin(lnz) — cos(Inz) + cos(Inz) + sin(lnz) = 0,
S0 yo also satisfies the differential equation. Taking the Wronskian,

1, L, 1
= - 1 1 = -
Z (cos’(Inz) + sin*(Inz)) "

cos(lnz) sin(ln x)

W=|_ sin(lnz)L  cos(Inz)

8=

which is never zero on I, so the given functions are linearly independent and therefore form a funda-
mental system of solutions. The general solution is y = ¢; cos(Inz) + ¢o sin(In z).

2. The function y;(z) = z? is a solution to the differential equation on I = (0,00) because z2(2) +
2z(2z) — 6(x?) = 222 + 422 — 622 = 0. For reduction of order, let y»(z) = u(z)y: (z) = u(z)z?; taking
derivatives,

yh = u'z? + 2uzx

vy =u"2® + 'z + 2u.

Substituting into the differential equation,

Ly, = 2”5 + 2ay; — 6y2
= 22 (u"2? + du'z + 2u) + 22(v'z? + 2uz) — 6uz®
= z*u" + 62U +uz?(2+4 - 6)
=z + 623 = 0.

Setting v = u/, we have the first order linear differential equation xzv' + 6v = 0. The equation can
be solved using the techniques of chapter 2.3. In detail, divide the equation through by z to obtain
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v' + (6/z)v = 0. Then an integrating factor is exp(— [ 6/z dz) = exp(—61nz) = 5. Multiplying the
equation v’ + (6/z)v = 0 by the integrating factor %, we obtain (z%v)’ = 0 with a solution v = z 5.

(We only need one solution because we’re looking for one solution to Ly, = 0.) We then obtain u = 7>

times some constant that can be ignored. Then yo = uy; = 7522 = 273, (It is a good idea to double

check at this point that y»(x) = x 2 really is a solution.) The pair of solutions y;, y» is linearly
independent because

2 .CL'_3

W(y1,y2) = ‘ ;a: 3t | T 3 242 2=—g2 #0on I.

It follows that v, y2 is a fundamental set of solutions to the differential equation on I, so the general

solution on I is y = c122 + cox 3.
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