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Edward Doolittle
Wednesday, April 19, 2006

The equation is linear, so in order to solve it we solve the homogeneous equation first. The homogeneous
equation (in standard form) is

3
Yy +-y=0.
T

You can use separation of variables, or you can find an integrating factor by other means (memorizing
the formula, guessing, etc.). Separating variables,

d_y dx

k
=-3— = hfy|=-8lnz|+C = y=—,
Yy z T

so an integrating factor is z°
factor we have

. Multiplying the given equation (in standard form) by the integrating

3
Y+ Sy=2"-20+4 = 2%y +32% = (2Py) = 2° — 22t + 4P,
T

Integrating,

1 2 1 2
m3y:6x6—5x5+x4+0 = y=6$3—5w2+:c+C;1:_3

is the general solution. Check!

(a) We have

Yy =2
yi =2
o)
22yl — 2y = 2%(2) - 22 =0
S0 y1 is a solution. Similarly, on the interval z > 0,

I -2
Yp = —Z

yy =227°

SO

o2yl — 2y = 2?2073 27 =227 — 2271 = 0.

Therefore both functions are solutions on the interval z > 0.
(b) The Wronskian is

2 -1

W (y1,92) = ‘ iﬁ vl = =2 (—z) -z (28) = -1-2= -3

Y5

2z —x 2

which is never zero on x > 0, so the functions y; and y- are linearly independent on x > 0.
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(¢) By the previous results, the general solution to the differential equation is

Y= cwz + 02$_1.

Differentiating,
2

Yy =2c1z — cox ™.
Setting z =1,

y()=c1 +c2= -2
y'(1) =2¢; —ca = —T.

Adding the above equations gives ¢; = —3. Multiplying the first by —2 and adding gives ca = 1.
Therefore the solution to the initial value problem is

y=—3z24+z71
Check!

3. (It may be wise to check that y = z ! is a solution before going too far into this.) We use variation of

parameters. Suppose our second solution is of the form
y2 = u(@)y1
where y; = z71. Then

ys = u'yr +uy
ys = u"y1 + 2u'yy +uyy

and

2,11 2,1

zyy — 2wys — Ay = yu” + xzyiu' —2zy1u’ + (x®yy — 2zy) — 4y1)u = zu' — 3u’

because y; is a solution of the differential equation. Therefore we must have
zu' — 3u’ = 0.

Letting u' = v the equation becomes first order linear:
zv' —3v =0.

A solution can be found as in question 1; for example, v = 423 is a solution. Then we have

u=/vd:c=/4x3dx=:c4,

Y2 = uyr = 1’3

SO

should be a second linearly independent solution to the original equation. Check. (You’ll find that the
answer is wrong; fix it!)

4. This is an Euler equation, which we did not study. You might try finding a solution of the form y = =™,
and then finding a second solution by variation of parameters. If that doesn’t work, don’t worry about
it.

5. The auxiliary equation is
m?>+2m+2=0

with roots —1 £ i. Therefore the general solution is

y= cre tcost + coetsint.
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The initial conditions require that

61:2

—c1+c=1
which implies that the solution to the initial value problem is
y =2e ‘cost + 3e 'sint.
Check!

6. The homogenous equation is y" + y = 0 with fundamental system of solutions cosz, sinz. Now we
form three determinants:

A= | cosT sinz |
—ginx coszx ’
0 sin x .
A = =sginztanzx,
tanx cosz
cos ¥ 0 .
A= . =sinz.
—sinx tanx

Taking quotients and integrating (by parts in the first case),
Ay . 2 :
al(z) = de: sinztanz de = —tanzcosz + [ cosxsec®z & = —sinz + In|tanx + secz|

A
co(x) = / KZ dx = /sina: dx = —cost.
It follows that the general solution (on the interval I) is

Yy =1¢1€08% + casinz + (—sinz + In | tan z + sec z|) cosx — cos z sin x
=c1cosz + casinz + coszIn | tan z + sec z|.

Check!

7. (a) Just like a question in one of the problem sets.

(b) This one is tricky. There is no formula for the Laplace transform of a product. You might try
representing sin 2¢sin 5¢ as a convolution, but it’s not at all clear to me how that might work.
Instead, I suggest using the trig identities

cos(2t — Tt) = cos 2t cos 75 + sin 2t sin 7¢
cos(2t + Tt) = cos 2t cos 7t — sin 2¢ sin 7t.

Subtracting the second from the first gives
. . 1 1
sin 2t sin 7t = 5 cos 5t — 5 cos 9t.

Taking the Laplace transform of the above gives

1 s 1 s

L{sin2tsin 7t} = 29 12 3718l

Ofthand, I can’t think of a good way to check the result.

8. The usual, except substituting s = 1 and s = 2 doesn’t get all the coeflicients. Try substituting another
value of s, or taking a derivative, or comparing coefficients of some power of s.
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9. Taking the Laplace transform of the equation,

Y (s) — sy(0) — ' (0) — 3sY (s) — 3y(0) + 2Y (s) =
s2+1
Using the initial conditions and solving for Y'(s),
s 1
Y(s) = .
() (s2+1)(s2—3s+2)+52—33+2
Now expanding in partial fractions,
1 1 1 1
s2-35+2 (s—1)(s—2) s—2 s—1
and
s _ s B s _ —(5/2)5—(5/2+ 5/2 —=(1/2)s+(1/2) 1/2
(s2+1)(s2-35+2) (s2+1)(s—2) (s2+1)(s—1) s2+1 §—2 241 s—1°

(Check! There are other ways to obtain the partial fraction decomposition.) Assembling the above,

71 31 s 9 1
T 25—2 2s5-—-1 241 2s241°

Y(s)
Taking the inverse Laplace transform,

7 3 9
y(t) = §€2t — §et —2cost — 2 sin t.
Checking, you’ll find that as usual I’'ve made a mistake in the partial fractions decomposition which
you should try to fix.

10. Let’s solve this one by diagonalization (eigenvalues and eigenvectors). Call the matrix A. Then the
characteristic polynomial is

1-Xx 0 0
A-X|=| 2 3-x 1 :(1—)\)‘
0 2 4-)

3—-A 1
9 4_/\‘—(1—)\)()\—2)()\—5).
So the eigenvalues are A = 1,2,5. For the eigenvector with eigenvalue 1 we solve the system with
augmented matrix
0 0 0f0
2 2 1|0
0 2 3|0

Adding —1 times row 3 to row 2, and then swapping rows around,

2 0 =210
0 2 3|0
| 0 0 0|0 |
Dividing row 1 by 2, ) _
1 0 -1(0
02 3(0],
| 00 0]0 |

so an eigenvector corresponding to A =1 is

vV = -3
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You should check that eigenvector by doing the matrix multiplication. Similarly, for A = 2, we have to
solve the system

-1
2
0

N = O

010
110
2|0

Adding 2 times row 1 to row 2, then multiplying row 1 by 1, then Multiplying row 3 by 1/2, then
adding —1 times row 2 to row 3 gives

1.0 0(0
0 1 10
0 0 0]0
with solution )
0
Vo = 1 .
-1

You should check that v is an eigenvector for A with eigenvalue 2. Finally, to find an eigenvector for
A = 5, solve the system

-4 0 010
2 -2 1|0
0 2 -1]0

1 0 0|0
0 -2 110
0 0 0|0
with a solution
0
V3 = 1
2

Check that the above is an eigenvector. Assembling all the above information, a general solution for
the system is

2 0 0
X=c| -3 |et+e 1 62t+03 1 | &%,
2 -1 2

It might be a good idea to check the solution, although all the required checking has been done already.
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