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� Linear Equation. A linear equation inp variablesx1; : : : ; xp is an equation of the form

˛1x1 C ˛2x2 C � � � C ˛pxp D b ;

wherę 1; : : : ; ˛p; b are fixed real numbers. For example,x1�x2 C5x3 D
p

2 is a linear equation,
butx3

1 C
p

x2 C 1 D 1 is not.

� Systems of Linear Equations. A system ofm linear equations inp variablesx1; : : : ; xp is a col-
lection ofm linear equations considered simultaneously:

˛11x1 C ˛12x2 C � � � C ˛1pxp D b1

˛21x1 C ˛22x2 C � � � C ˛2pxp D b2

:::
:::

:::
:::

:::

˛m1x1 C ˛m2x2 C � � � C ˛mpxp D bm :

(1)

The system (1) of linear equations is said to be:

(a) consistent, if there are real numbersx1; : : : ; xp that satisfy allm equations (1) simultane-
ously; or

(b) inconsistent, if no real numbersx1; : : : ; xp that satisfy allm equations (1) simultaneously.

� Systems of Homogeneous Linear Equations. A system ofm linear equations inp variablesx1; : : : ; xp

is homogeneous if it is of the form

˛11x1 C ˛12x2 C � � � C ˛1pxp D 0

˛21x1 C ˛22x2 C � � � C ˛2pxp D 0

:::
:::

:::
:::

:::

˛m1x1 C ˛m2x2 C � � � C ˛mpxp D 0 :

(2)

Observe that ifx1 D x2 D � � � D xp D 0, thenx1; : : : ; xp satisfy allm equations (2) simultane-
ously. That is, every system of homogeneous equations is consistent.



� Vectors and Rp. Let R denote the set of all real numbers. ByRp is meant the set of allp-tuples
of real numbers, written in column form. That is,x 2 Rp if and only if

x D

2
6664

x1

x2

:::

xp

3
7775 ; wherex1; x2; � � � ; xp 2 R :

The elements ofRp are called vectors.

Geometrically, a vectorx D

2
64

x1
:::

xp

3
75 2 Rp can be viewed as a directed line segment form

the origin (0 2 Rp) to the point with Cartesian coordinates.x1; : : : ; xp/. Hence, vectors are
distinguished from points in that they have both direction and magnitude. Nevertheless, we still
consider that a vectorx 2 Rp determines a point in space: namely, the terminal point of the vector
x.

� Linear Equations in R2 and R3. A linear equation in two variablesx1 andx2 determines a line in

R2. That is, the set ofx D
�

x1

x2

�
2 R2 that satisfy the linear equation

˛1x1 C ˛2x2 D b ;

where˛1; ˛2; b are fixed real numbers with at least one nonzero is a line. Indeed, if one wished
to write the equation of the line in the formy D mx C b, then, assuming̨ 2 6D 0, we obtain
x2 D �˛1

˛2
x1 C b

˛2
. However, this is expression is not very useful in linear algebra and we prefer

to express lines by either the linear equation˛1x1 C ˛2x2 D b or by the parametric form

x D v0 C tv ; t 2 R ;

wherev0 2 R2 is a vector whose terminal point is on the line (and whose initial point is the origin)
andv 2 R2 determines the direction of the line.

A linear equation in three variablesx1, x2, andx3 determines a plane inR3. That is, the set of

x D

2
4

x1

x2

x3

3
5 2 R3 that satisfy the linear equation

˛1x1 C ˛2x2 C ˛3x3 D b ;

where˛1; ˛2; ˛3; b are fixed real numbers with at least one nonzero, is a plane. As with lines, one
can express the equation of a plane in parametric form:

x D v0 C sv1 C tv2; ; s; t 2 R ;

wherev0 2 R3 is a vector whose terminal point is on the plane (and whose initial point is the
origin) andv1; v2 2 R2 determine the orientation of the plane.

� Systems of Linear Equations in R2 and R3. The solutionsx D
�

x1

x2

�
2 R2 to a system ofm

linear equations in two variablesx1 andx2 are all pointsx (ie., the terminal point of the vectorx)



that lie on each of them lines determined by them linear equations. In other words, a system of
m linear equations in two variables describes the intersection ofm lines in the plane.

The solutionsx D

2
4

x1

x2

x3

3
5 2 R3 to a system ofm linear equations in three variablesx1, x2,

andx3 are all pointsx (ie., the terminal point of the vectorx) that lie on each of them planes
determined by them linear equations. In other words, a system ofm linear equations in three
variables describes the intersection ofm planes inR3.

� Matrices and Mm;p.R/. An m � p array of real numbers̨ij is called anm � p matrix. The
subscriptij of ˛ij indicates that the real number̨ij is in the i -th row andj -th column of the
array. The set ofm � p matrices is denoted byMm;p.R/ and an arbitrary matrixA 2 Mm;p.R/ is
denoted by

A D

2
664

˛11 ˛12 � � � ˛1p

˛21 ˛22 � � � ˛2p

� � � � � � � � � � � �
˛m1 ˛m2 � � � ˛mp

3
775 : (3)

� Matrix-Vector Product. If A 2 Mm;p andx 2 Rp—that is,A is anm � p matrix andx is a vector
in Rp—thenAx denotes the vector inRm defined by

Ax D

2
664

˛11 ˛12 � � � ˛1p

˛21 ˛22 � � � ˛2p

� � � � � � � � � � � �
˛m1 ˛m2 � � � ˛mp

3
775

2
6664

x1

x2
:::

xp

3
7775 D

2
66666666666664

pX

j D1

˛1j xj

pX

j D1

˛2j xj

:::
pX

j D1

˛mj xj

3
77777777777775

:

If A 2 Mm;p.R/ is as in (3), and if

x D

2
6664

x1

x2
:::

xp

3
7775 2 Rp and b D

2
6664

b1

b2
:::

bm

3
7775 2 Rm ;

thenx1; : : : ; xp satisfy the system (1) if and only ifAx D b.

� Linear Combinations. If v1, v2, . . . , vp are vectors inRm, then a linear combination of these
vectors is an expression of the form

˛1v1 C ˛2v2 C � � � C ˛pvp ; (4)

for somep real numbers̨ 1; : : : ; ˛p. For example,v1 � v2 C
p

3v3 is a linear combination of
vectorsv1; v2; v3 2 Rm. Because, inRm, one can add vectors and multiply vectors by scalars
(real numbers), the result of a linear combination such as (4) is another vector inRm.



� Span. If v1, v2, . . . , vp are vectors inRm, then the span of these vectors is the set denoted by
Spanfv1; : : : ; vpg and defined by

Spanfv1; : : : ; vpg D
˚
˛1v1 C ˛2v2 C � � � C ˛pvp ; j ˛1; : : : ; ˛p 2 R

	
: (5)

In other words, Spanfv1; : : : ; vpg is the set of all linear combinations of the vectorsv1; : : : ; vp 2
Rm. Note that eachvj belongs to Spanfv1; : : : ; vpg, as does the zero vector0 2 Rm.

How can one determine whether a given vectorb 2 Rm belongs to the spanningset Spanfv1; : : : ; vpg ?
There is an extremely useful criterion:

b 2 Spanfv1; : : : ; vpg if and only if Ax D b is consistent !

(In the statement above,A is them � p matrix whosej -th column is the vectorvj .) Any solution
x 2 Rp to Ax D b determinesb as a linear combination ofv1; : : : ; vp (the columns ofA). For

example, ifv1 D
�

�1

1

�
, v2 D

�
�2

1

�
, andv3 D

�
0

1

�
, thenA would be

A D Œv1; v2; v3� D
�

�1 �2 0

1 1 1

�
:

Further, ifb D
�

1

0

�
, then

b 2 Spanfv1; v2; v3g

because the equationAx D b admits a solutionx D

2
4

�1

0

1

3
5. The entries ofx determine an

explicit manner forb to be expressed as a linear combination ofv1; v2; v3:

b D �v1 C v3 :

That is, �
1

0

�
D �

�
�1

1

�
C

�
0

1

�
:

� Linear Independence/Dependence. If v1, v2, . . . ,vp are vectors inRm, then these vectors are said
to be linearly independent if the only̨1; : : : ; ˛p 2 R that satisfy the equation

˛1v1 C ˛2v2 C � � � C ˛pvp D 0 (6)

are˛1 D 0, ˛2 D 0, . . . , and̨ p D 0.

If the vectorsv1, v2, . . . ,vp are not linearly independent, then they are said to be linearly depen-
dent.

How can one determine whetherv1, v2, . . . , vp are linearly independent vectors ? There is an
extremely useful criterion:

v1; : : : ; vp are linearly independent if and only ifAx D 0 has a unique solutionx !

(In the statement above,A is them � p matrix whosej -th column is the vectorvj ; the solutionx

would necessarily be the trivial solutionx D 0 2 Rp .)

What do these concepts mean ? The answer lies in the following two (logically equivalent) theo-
rems.



THEOREM 1. v1; : : : ; vp 2 Rm are linearly independent if and only if no vector vj is a linear
combination of the other vectors v1; : : : ; vj �1; vj C1; : : : ; vp.

THEOREM 2. v1; : : : ; vp 2 Rm are linearly dependent if and only if at least one vector vj is a
linear combination of the other vectors v1; : : : ; vj �1; vj C1; : : : ; vp.

� Linear Transformations. A function T W Rp ! Rm is a linear transformation if the following two
conditions are satisfied:

(i) T .u C v/ D T .u/ C T .v/, for all u; v 2 Rp;

(ii) T .˛u/ D ˛T .u/, for all u 2 Rp and˛ 2 R.

Everym � p matrixT is a linear transformationRp ! Rm and, conversely, every linear transfor-
mationT W Rp ! Rm is a matrix whosej -th column is the vectorT .ej / 2 Rm.

What does this concept mean ? IfT is anm � p matrix, and if

x D

2
66664

x1

:::
:::

xp

3
77775

2 Rp ;

then

T x D

2
66666666664

pX

j D1

t1j xj

:::
:::

pX

j D1

tmj xj

3
77777777775

2 Rm :

Each component of the vectorT x is a linear function (equation) in the “variables"x1; : : : ; xp.
Thus,

PROPOSITION. A function T W Rp ! Rm is a linear transformation if and only if each of the
m components of the vector T x 2 Rm is a linear equation in the components x1; : : : ; xp of the
vector x 2 Rp.

� Matrix Multiplication. If A is anm � q matrix andB is a q � p matrix, then one can form the

productAB to obtain am � p matrix whose.i; j /-entry is defined to
qX

kD1

˛ikˇkj , where˛st and

ˇ�� denote the entries ofA andB respectively.

If the columns ofB are given by the vectorsb1; : : : ; bp 2 Rq , then it is convenient to view the
productAB as the result ofp matrix-vector products: namely, thej -th column ofAB is Abj . We
denote this as follows:

AB D A

2
4 b1 b2 : : : bp

3
5 D

2
4 Ab1 Ab2 : : : Abp

3
5 :

Square matricesA andB are said to commute ifAB D BA. However, for mostA; B 2 Mp.R/

we haveAB 6D BA. Hence, matrix multiplication is noncommutative.



� Elementary Matrices. A matrix E 2 Mp.R/ is an elementary matrix ifE is obtained from the
identity matrix I by applying one elementary row operation toI . Recall that there are three
elementary row operations:

(i) ˛Ri (multiply the i -th row by˛ 2 R);

(ii) Ri $ Rk (exchange rowsi andk); and

(iii) ˛Ri C Rk � Rk (multiply the i -th row by ˛, add this to thek-th row and put the result
back into thek-th row).

For example,

E D

2
4

1 0 0

0 1 0

0 �2 1

3
5

is an elementary matrix (obtained from the row operation.�2/R2 C R3 � R3 applied toI ).

� The Transpose. If A 2 Mm;p.R/, then the transpose ofA is the matrixAT 2 Mp;m whose fromA

by making the rows ofA become the columns ofAT . More precisely, the.i; j /-entry ofAT is the
.j; i /-entry ofA, for eachi D 1; : : : ; m andj D 1; : : : ; p. Note thatAT A andAAT are square
matrices. An important identity relates to products:.AB/T D BT AT .

� The Inverse of a Square Matrix. A matrix A 2 Mp.R/ is invertible if there is a matrixC 2 Mp.R/

such thatAC D CA D I . If such a matrixC exists—that is, ifA is invertible—thenC is
necessarily unique and we use the notationA�1 to denoteC . Thus,

A�1A D AA�1 D I :

Use: if A is invertible, then the matrix equationAx D b has a (unique) solutionx given by
x D A�1b.

An important identity relates to products of invertible matrices:.AB/�1 D B�1A�1. Further-
more, ifA is invertible, then so isAT .

To computeA�1, apply elementary row operations to reduce the augmented matrixŒA W I � to the
form ŒI W C �. The matrixC the inverseA�1 of A. This means, therefore, thatI is a product
EqEq�1 � � �E2E1 of q elementary matricesEj corresponding to theq elementary row operations
that were used to reduceŒA W I � to ŒI W C �.

If A is invertible, thenAx D 0 if and only if x D A�10 D 0. Therefore, the columns of
an invertible matrixA are linearly independent. Likewise, the columns ofAT must be linearly
independent. Hence, a matrixA is invertible only if the rows and columns ofA are linearly
independent. This fact can be used to quickly identify non-invertible matrices.

An important theorem linking these notions is as follows.

THEOREM. The following statements are logically equivalent for a matrix A 2 Mp.R/:

(a) the columns of A are linearly independent;

(b) the columns of A span Rp;

(c) A is an invertible matrix.



� Vector Spaces. A vector space (over the real numbersR) is a nonempty setV endowed with
operations of addition and scalar multiplication such that:

(a) the operation of addition satisfies

(i) v1 C v2 D v2 C v1, for all v1; v2 2 V ,

(ii) .v1 C v2/ C v3 D v1 C .v2 C v3/, for all v1; v2; v3 2 V ,

(iii) there is a unique element0 2 V such thatv C 0 D 0 C v D v, for all v 2 V , and

(iv) for everyv 2 V there is a unique element.�v/ 2 V such thatv C .�v/ D 0;

(b) and the operation of scalar multiplication satisfies, for all˛; ˛1; ˛2 2 R andv; v1; v2 2 V ,

(i) .˛1˛2/v D ˛1.˛2v/,

(ii) ˛v D 0 2 V whenever̨ D 0 2 R or v D 0 2 V ,

(iii) 1 v D v, where1 2 R,

(iv) ˛.v1 C v2/ D ˛v1 C ˛v2,

(v) .˛1 C ˛2/v D ˛1v C ˛2v.

Some familiar vector spaces are:

(a) our old friendRp ,

(b) the spaceMm;p.R/ of m � p matrices,

(c) the spaceF.R/ of all functionsf W R ! R,

(d) the spaceR Œx� of all polynomials (with real coefficients), and

(e) the spaceR.p/Œx� of all polynomials of degree at mostp.

� Subspaces. A subspaceW of a vector spaceV is a subsetW � V such that

(a) w1 C w2 2 W , for all w1; w2 2 W , and

(b) ˛w 2 W , for every˛ 2 R and allw 2 W .

If W � V is a subspace of a vector spaceV , thenW itself is a vector space.

In practice, if one is asked to show (or prove) that a certain subsetW of a vector spaceV is a
subspace, then one must verify thatW satisfies the two conditions (a) and (b) above that define the
notion of subspace.

Examples of subspaces are:

(a) R.p/Œx� is a subspace ofR Œx�;

(b) if v1; : : : ; vp 2 V , then Spanfv1; : : : ; vpg is a subspace ofV ;

(c) the subspaces ofR2 are:

(i) the zero subspacef0g (where0 2 R2 is the origin);

(ii) any line passing through the origin;

(iii) R2 itself.

(d) the space of allA 2 Mm;p.R/ whose first column is zero is a subspace ofMm;p.R/.



� Range and Kernel; Column Space and Null Space. Two other examples of subspaces are important,
and these arise as follows. Assume thatU andV are vector spaces and thatT W U ! V is a linear
transformation.

The kernel ofT is the subset kerT of U defined by: kerT D fu 2 U j T u D 0g.
The range ofT is the subset RanT of V defined by: RanT D fT u 2 V j u 2 U g.
THEOREM If T W U ! V is a linear transformation, then kerT is a subspace of U and RanT is
a subspace of V .

This theorem above can be proved by students of MATH 122. For example, to show that kerT is
a subspace ofU there are two conditions to verify:

(a) thatu1 C u2 2 kerT , for all u1; u2 2 kerT , and

(b) that˛u 2 kerT , for every˛ 2 R and allu 2 kerT .

To verify (a), letu1; u2 2 kerT . To show thatu1 C u2 2 kerT is to show thatT .u1 C u2/ D 0,
since this is how the kernel ofT is defined. To this end, compute:T .u1 C u2/ D T u1 C T u2 D
0 C 0 D 0. This shows thatu1 C u2 2 kerT , for all u1; u2 2 kerT . To verify (b), let˛ 2 R and
u 2 kerT . Compute:T .˛u/ D ˛T u D ˛.0/ D 0. This proves that̨ u 2 kerT , for every˛ 2 R
and allu 2 kerT . (Note how the fact thatT is a linear transformation was used in both (a) and
(b).) Hence, we have proved that kerT is a subspace ofU .

If U D Rp andV D Rm, thenT is an m � p matrix and kerT is called the nullspace ofT ,
denoted by NullT , and RanT is called the column space ofT , denoted by ColT .

� Row Space. Each row of anm � p matrix A can be considered as a “row” vector. Rather than
writing a row as a vector inRp—which is a notation normally reserved for column vectors—let
us denote the space of all row vectors by.Rp/�. The row space ofA, denoted by RowA, is the
subspace of.Rp/� that is spanned by the rows ofA.

� Basis. If W is a subspace of a vector spaceV , then vectorsw1; : : : ; wq 2 W form a basis ofW if

(a) w1; : : : ; wq are linearly independent, and

(b) W D Spanfw1 ; : : : ; wqg.

Examples of Bases for Vector Spaces are:

(a) e1; : : : ; ep form a basis ofRp , whereej 2 Rp denotes the vector with1 in positionj and0

elsewhere;

(b) E11; : : : ; E1p ; E21; : : : ; E2p ; : : : ; Em1; : : : ; Emp form a basis ofMm;p.R/, where eachEij 2
Mm;p.R/ is the matrix with.i; j /-entry1 and zeros elsewhere in the matrix;

(c) 1; x; x2; x3; x4; : : : form a basis ofR Œx�;

(d) 1; x; x2; : : : ; xp form a basis ofR.p/Œx�.

The value of a basis is: ifw1; : : : ; wq are basis vectors for a subspaceW , then every vectorw 2 W

has a unique representation as a linear combination of the basis vectorsw1; : : : ; wq.

Even more good things occur with bases. LetV be ap-dimensional vector space, and suppose
that the vectorsv1; : : : ; vp 2 V form a basis ofV . Then each vectorv 2 V is represented as

v D ˛1v C ˛2v2 C � � � C ˛pvp ;



wherę 1; : : : ; ˛p 2 R are uniquely determined by (ie., identified with)v. These numbers̨1; : : : ; ˛p 2
R are the “coordinates” ofv with respect to the given basis. Therefore, we identifyv 2 V with the
coordinate vectorv 2 Rp defined by

v D

2
6664

˛1

˛2
:::

˛p

3
7775 2 Rp :

For example, assume thatv1 D

2
4

�3

1

�2

3
5, v2 D

2
4

6
3
2
7
2

3
5, andv3 D

2
4

15
9
2

17
2

3
5 form a basis ofR3

and consider the vectorv D

2
4

�3
1
2

�2

3
5. To find the coordinates ofv with respect to the basis vectors

v1; v2; v3 we must solve
v D ˛1v1 C ˛2v2 C ˛3v3

for ˛1; ˛2; ˛3 2 R. To do so form the augmented matrix

2
4

�3 �6 �15 W �3

1 3=2 9=2 W 1=2

�2 �7=2 �17=2 W �2

3
5

and use elementary row operations to reduce it to an echelon form:

2
4

�1 �2 �5 W �1

0 �1 �1 W 11

0 0 �2 W 1

3
5 :

Now back substitute and solve for each˛j to get˛1 D 1=2, ˛2 D 3=2, and˛3 D �1=2. Hence,
the coordinate vector ofv is the vector

v D

2
4

1=2

3=2

�1=2

3
5 :

� Dimension. The number of elements in any basis of a subspaceW is called the dimension ofW ,
denoted by dimW .

THEOREM If A 2 Mm;p.R/, then dim.ColA/ D dim.RowA/.

We make the following definitions forA 2 Mm;p.R/.

(a) The rank ofA is the number rank.A/ defined by: rank.A/D dim.ColA/.

(b) The nullity ofA is the number nullity.A/ defined by: nullity.A/ D dim.NulA/.

RANK-PLUS-NULLITY THEOREM If A 2 Mm;p.R/, then p D rank.A/ C nullity.A/.



� Finding the Bases for Null Spaces, Column Spaces, and Row Spaces. We aim to find a basis for
each of the subspaces NulA, ColA, and RowA, given a matrixA 2 Mm;p.R/.

(a) Null Spaces. To compute a basis for NulA, solveAx D 0 by reducing the augmented matrix
ŒA W 0� to an echelon form. If there is a unique solution, then NulA D f0g � Rp . If there are
infinitely many solutions, then identify the free variables, sayxp ; xp�1; : : : ; xq, and express
the general solution toAx D 0 as a linear combination of vectorsvp ; vp�1; : : : ; vq 2 Rp

using the free variables as coefficients. That is,v 2 Nul A if and only if

v D xpvp C xp�1vp�1 C � � � C xqvq :

The vectorsvp; vp�1; : : : ; vq 2 Rp form a basis of NulA.

(b) Column Spaces. To compute a basis for ColA, reduce the matrixA to an echelon formB . In
each row ofB that has a leading nonzero entry, note the column in which the leading nonzero
entry appears. The corresponding column in the original matrixA will be a basis vector for
ColA. Doing this for every row ofB that has a nonzero leading entry determines the basis
vectors for ColA.

(c) Row Spaces. To compute a basis for RowA, reduce the matrixA to an echelon formB . Each
row of B that has a leading nonzero entry is a basis vector for RowA. Hence, the rows ofB
that have a nonzero leading entry are the basis vectors for RowA.

REMARK. A basis for ColA consists of a subset of the columns ofA. In contrast, a basis for
RowA consists of a subset of the rows of anechelon form of A.

ADDITIONAL REMARK. If v1; : : : ; vp 2 V andW D Spanfv1; : : : ; vpg, then there is a subset of
the vectorsv1; : : : ; vp that forms a basis forW .

� The Matrix of a Linear Transformation. Assume thatT W V ! W is a linear transformation. Let
v1; : : : ; vp 2 V be basis vectors forV andw1; : : : ; wm be basis vectors ofW . The matrix ofT
with respect to these bases ofV andW is them � p matrix whosej -th column is given by the
coordinates ofT vj —that is, thej -th column is

2
6664

�1j

�2j

:::

�mj

3
7775 2 Rm ;

where�1j ; : : : ; �mj 2 R are the unique numbers for which

T vj D �1j wj C �2j wj C � � � C �mj wm :

� Finding the Bases for the Kernel and Range of a Linear Transformation. Assume thatT W V ! W

is a linear transformation. To find a basis for kerT and ranT , the approach will depend on how
much information aboutV , W , andT one has. An algortihmic approach—which is not necessarily
the recommenced approach—is to (i) find bases forV andW , (ii) find the matrix representation
of T with respect to these bases, (iii) find bases for the column and null space of the matrix
representation, and (iv) use the coordinate vectors that form bases for the column and null space
of the matrix to determine basis vectors for the kernel and range of the transformation.



� Determinants. The determinant is a number denoted by detA that is assigned to eachp �p matrix
A, for anyp. The number detA is called the determinant ofA.

If p D 1 andA D Œa� 2 M1.R/, then detA D a.

If p D 2 andA D
�

a b

c d

�
2 M2.R/, then detA D ad � bc.

If p D 3 andA D

2
4

˛11 ˛12 ˛13

˛21 ˛22 ˛23

˛31 ˛32 ˛33

3
5 2 M3.R/, then

detA D ˛11.�1/1C1 detA11 C ˛12.�1/1C2 detA12 C ˛13.�1/1C3 detA13 ;

whereA1j denotes the2 � 2 matrix that remains when row #1 and column #j of A are removed
from A.

If p is arbitrary andA 2 Mp.R/, then

detA D ˛11.�1/1C1 detA11 C ˛12.�1/1C2 detA12 C � � � C ˛1p.�1/1Cp detA1p ;

whereA1j is the.p � 1/ � .p � 1/ matrix that remains when row #1 and column #j of A are
removed fromA.

The cofactors ofA 2 Mp.R/ are the numbersCij D .�1/iCj detAij , whereAij is the.p � 1/ �
.p � 1/ matrix that remains when row #i and column #jare removed fromA.

It is extremely useful that detA can be computed by a cofactor expansion along any of its rows or
columns.

THEOREM. If A 2 Mp.A/, then, for any i & j ,

detA D ˛i1Ci1 C ˛i2Ci2 C � � � C ˛ipCip

D ˛1j C1j C ˛2j C2j C � � � C ˛pj Cpj :

The effect of elementary row operations on the determinant are summarised as follows:

(a) if A0 is the matrix obtained fromA by interchanging two rows ofA, then detA0 D .�1/ detA;

(b) if A0 is the matrix obtained fromA by multiplying row #i of A by ˛ 2 R, then detA0 D
˛ detA; and

(c) if A0 is the matrixA except that row #jof A0 is obtained fromA by multiplying row #i
of A by ˛ and adding this to row #j of A, then there is no change in the determinant:
detA0 D detA.

THEOREM. Useful properties of determinants are

(a) detAT D detA,

(b) det.AB/ D .detA/.detB/,

(c) A is invertible if and only if detA 6D 0,



(d) if A is invertible, then detA�1 D
1

detA
and

A�1 D
1

detA

2
664

C11 C21 : : : Cp1

C12 C22 : : : Cp2

: : : : : : : : : : : :

C1p C2p : : : Cpp

3
775 :

It is important to note that det isnot a linear transformationMp.R/ ! R, as neither det.ACB/ D
detA C detB nor det.˛A/D ˛ detA are true in general.

� The Eigenvalue Problem. If T W V ! V is a linear transformation on a vector spaceV , then a real
number� 2 R is an eigenvalue ofT if there is a nonzero vectorv 2 V —called an eigenvector
corresponding to�—such that

T v D �v :

Note thatT v D �v if and only if

0 D T v � �v D T v � �Iv D .T � �I/v :

Hence,� 2 R is an eigenvalue ofT if and only if ker.T � �I/ 6D f0g; in such cases every nonzero
vectorv 2 ker.T � �I/ is an eigenvector ofT corresponding to�. The subspace ker.T � �I/ is
called the eigenspace corresponding to the eigenvalue�.

If V D Rp, thenT is ap � p matrix. Therefore, it is useful to know how to find the eigenvalues
of matricesA 2 Mp.R/. This is achieved by way of the characteristic polynomial ofA.

The characteristic polynomial ofA 2 Mp.R/ is the polynomialc.�/ of degreep defined by

c.�/ D det.A � �I/ :

The roots of the characteristic polynomial ofA—those� 2 R for which c.�/ D 0—are precisely
the eigenvalues ofA. (Why?)

Given an eigenvalue� of A, to find the eigenvectors one solves.A � �I/x D 0 for x. Since
we are seeking the most general solutionsx to .A � �I/x D 0, we necessarily seek a basis for
Nul .A � �I/.

Therefore, “to solve the eigenvalue problemAv D �v” for A 2 Mp.R/ one means:

(i) the determination of all� 2 R for which Nul.A � �I/ 6D f0g, and

(ii) for each such�, the determination of a basis for (the eigenspace) Nul.A � �I/.

� Diagonalisation of Matrices. Some (but not all!!) matricesA 2 Mp.R/ have the useful property
that a basis forRp can found which consists entirely of eigenvectors ofA. SupposeA 2 Mp.R/

is such a matrix; thenA is said to be diagonalisable.

If A 2 Mp.R/ admits a basisv1; : : : ; vp of Rp in which eachvj is an eigenvector ofA, then there
are real numbers�1; : : : ; �p 2 R (these numbers might not be distinct—that is, there could be
numbers in the list that are repeated) such that

Avj D �j vj ; for all j D 1; : : : ; p :



By virtue of the fact thev1; : : : ; vp form a basis ofRp , the matrixP 2 Mp.R/ with columns
v1; : : : ; vp, namely

P D

2
4 v1 v2 � � � vp

3
5 ;

is invertible. Furthermore,

AP D

2
4 Av1 Av2 � � � Avp

3
5 D

2
4 �1v1 �2v2 � � � �pvp

3
5 D DP ;

whereD 2 Mp.R/ is the diagonal matrix

D D

2
6664

�1

�2

: : :

�p

3
7775 :

Thus,
P �1AP D D :

In other words, in passing fromA to P �1AP we have diagonalisedA.

The following theorem tells us which matricesA 2 Mp.R/ have the property thatRp has a basis
of consisting of eigenvectors ofA.

THEOREM. Let A 2 Mp.R/ and denote the distinct eigenvalues of A by �1; : : : ; �q (and so
q � p). The following statements are logically equivalent:

(a) A is diagonalisable;

(b) dim Nul.A � �1I / C � � � C dim Nul.A � �qI / D p.


