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e Linear Equation. A linear equation inp variablesxy, ..., x, is an equation of the form

a1x] + axx2 + --- + apxp = b,

wherew;, ..., ap, b are fixed real numbers. For example—x, +5x3 = JV2isalinear equation,
butxf’ + /x2 +1 =1isnot.

e Systems of Linear Equations. A system ofm linear equations irp variablesxy, ..
lection of m linear equations considered simultaneously:

., Xp is acol-

a11X1 + oppxz 4+ o+ dppXxp, = by
021X1  + Xz A+ -+ agpx, = by

1)
Om1X1 + QmaXz + - + OUppXp = bm .

The system (1) of linear equations is said to be:

(a) consistent, if there are real numbers, ..., x, that satisfy allm equations (1) simultane-

ously; or

(b) inconsistent, if no real numbersy, ..., x, that satisfy alln equations (1) simultaneously.

¢ Systemsof HomogeneousLinear Equations. A system ofm linear equationsinp variablesyy, ..., x,

is homogeneous if it is of the form

ap1x;y + appx2 + oo 4+ apx, = 0
a21x1 + axpxy + - 4+ azpxp, = 0

(2
Um1X1 + Om2X2 + o0+ dmpxp = 0.

Observe that ift; = x, = --- = x, = 0, thenxy, ..., x, satisfy allm equations (2) simultane-
ously. That is, every system of homogeneous equations is consistent.



e \ectorsand R”. Let R denote the set of all real numbers. By is meant the set of alp-tuples
of real numbers, written in column form. That is,c R? if and only if

X1
X2
X = . ., Wherexy,xz,---,xp €R.
I_ Xp J
The elements oR? are called vectors.
X1
Geometrically, a vectox = : € R? can be viewed as a directed line segment form
Xp
the origin (0 € R?) to the point with Cartesian coordinaté¢s,, ..., x,). Hence, vectors are

distinguished from points in that they have both direction and magnitude. Nevertheless, we still
consider that a vector € R? determines a pointin space: namely, the terminal point of the vector
X.

e Linear Equationsin R? and R3. A linear equation in two variables; andx, determines a line in

R2. That s, the set of = [ jzl ] € R? that satisfy the linear equation
2

o1X] + ozxp = b,

whereu, as, b are fixed real numbers with at least one nonzero is a line. Indeed, if one wished
to write the equation of the line in the form = mx + b, then, assuming, # 0, we obtain

Xp = ;—‘Zlm + 5—2. However, this is expression is not very useful in linear algebra and we prefer
to express lines by either the linear equationy; + axx, = b or by the parametric form

X = UO + tv 5 t e Rv
wherevy € R? is a vector whose terminal point is on the line (and whose initial point is the origin)

andv € R? determines the direction of the line.

A linear equation in three variables, x», andx; determines a plane iR3. That is, the set of
X1

x = | xp | €R3 thatsatisfy the linear equation
X3

o1X1 + axxy + azxz = b,

whereay, ay, a3, b are fixed real numbers with at least one nonzero, is a plane. As with lines, one
can express the equation of a plane in parametric form:

X = vg +svy +1tvy,, s, t€eR,

wherevy € R3 is a vector whose terminal point is on the plane (and whose initial point is the
origin) andv, v» € R? determine the orientation of the plane.

X1
X2
linear equations in two variables andx, are all pointsx (ie,, the terminal point of the vector)

e Systems of Linear Equationsin R? and R3. The solutionsx = € R? to a system ofn



that lie on each of the: lines determined by the: linear equations. In other words, a system of
m linear equations in two variables describes the intersection tifies in the plane.

X1
The solutionsx = X2 e R3 to a system ofn linear equations in three variables, x»,
X3
andxs are all pointsx (ie, the terminal point of the vectar) that lie on each of the: planes
determined by then linear equations. In other words, a systemmoflinear equations in three
variables describes the intersectiomoplanes inR3.

Matrices and M,, ,(R). An m x p array of real numbers;; is called arvn x p matrix. The
subscriptij of «;; indicates that the real numbey; is in thei-th row and-th column of the
array. The set ol x p matrices is denoted by/,,, ,(R) and an arbitrary matrid € M, ,(R) is
denoted by

11 ¢12 - U1p
a a .o a

A — 21 22 2p . (3)
Om1 Qm2 -+ Omp

Matrix-Vector Product. If A € M, , andx € RP—thatis, A is anm x p matrix andx is a vector
in R?—then Ax denotes the vector iR” defined by

- P
> aijx;
j=1
a1 o2t dip X1 P
[QZI o2 - Otzp—| X2 Z“ijj
j=1

Ax =

| I—
—

Laml Om2  **+ Omp

p
§ :O‘mjxj
J=1

If A e My ,(R)isasin (3), and if

X1 by

X2 by
eR? and b = . e R™,

B ]

thenxy, ..., x, satisfy the system (1) if and only dx = b.

X

Linear Combinations. If vy, va, ..., v, are vectors inR™, then a linear combination of these
vectors is an expression of the form

AV + a2 + e 4 dpUp, (4)

for somep real numbers, ..., «,. For examplep; — vy + V33 is a linear combination of
vectorsvy, vy, v3 € R™. Because, ilR™, one can add vectors and multiply vectors by scalars
(real numbers), the result of a linear combination such as (4) is another ve®&.in



e Span. If vy, vy, ..., v, are vectors iR™, then the span of these vectors is the set denoted by
Spanfvy, ..., v,} and defined by

Spanfvy,...,vp} = {a1v1 + @ua + - + apvp, |ag,... ap €R} L (5)
In other words, Spafvy, ..., v,} is the set of all linear combinations of the vecters ..., v, €
R™. Note that each ; belongs to Spafwy, ..., v,}, as does the zero vectore R™.
How can one determine whether a given veétar R™ belongs to the spanningset Span, ..., v,} ?

There is an extremely useful criterion
b € Spanfvy, ..., v,}ifand only if Ax = b is consistent!

(In the statement above, is them x p matrix whosej -th column is the vectoo ;.) Any solution
x € R? to Ax = b determine$ as a linear combination afy, ..., v, (the columns of4). For

example, ifv; = [ _11 ] vy = [ ) ] andv; = [ (1) ] thenA4 would be

-1 -2 0
A:[vl,vz,v3]:|:l | 1]

Further, ifb = [ (1) ] then
b € Span{vy, v2, v}
-1
because the equatiofix = b admits a solutiont = 0 |. The entries ofc determine an
1
explicit manner fo to be expressed as a linear combinatiomfv,, vs:
b = —v; + v3.
That is,
I N | . 0
0] 1 1|
e Linear Independence/Dependence. If vy, v2, ...,v, are vectors iR™, then these vectors are said
to be linearly independent if the only;, . .., o, € R that satisfy the equation
Qv + a2V + -+ apv, = 0 (6)
area; =0,a2 =0, ...,andx, = 0.
If the vectorsvy, vy, ..., v, are not linearly independent, then they are said to be linearly depen-
dent.
How can one determine whethey, v,, ..., v, are linearly independent vectors? There is an
extremely useful criterion
v1,...,Vp are linearly independent if and only #x = 0 has a unique solutiom !

(In the statement above, is them x p matrix whosej -th column is the vectoo ;; the solutionx
would necessarily be the trivial solution= 0 € R?.)

What do these concepts mean? The answer lies in the following two (logically equivalent) theo-
rems.



THEOREM 1. vy,...,v, € R™ arelinearly independent if and only if no vector v; isa linear

combination of the other vectors vy, ..., vj—1,Vj41,...,Vp.
THEOREM 2. vyq,...,v, € R™ arelinearly dependent if and only if at least one vector v; isa
linear combination of the other vectors vy, ..., v;—1,v,41,..., Vp.

Linear Transformations. A functionT : R? — R™ is a linear transformation if the following two
conditions are satisfied:

O Tu+v)=Tw)+ T(), forallu,v e R?;
(i) T(au) =aT(u),forallu € R? anda € R.

Everym x p matrix T is a linear transformatioR?” — R™ and, conversely, every linear transfor-
mation7 : R? — R™ is a matrix whosg -th column is the vectof'(e;) € R™.

What does this concept mean ?7ifis anm x p matrix, and if

-
]

r p
E :zljx,-
j=1

then

L
2 imi%;

L j=1 i

Each component of the vectdrx is a linear function (equation) in the “variables’, ..., x .

Thus,

ProposITION Afunction T : R? — R™ isa linear transformation if and only if each of the
m components of the vector 7x € R isa linear equation in the components xi, ..., x, of the
vector x € R?.

Matrix Multiplication. If 4 is anm x ¢ matrix andB is ag x p matrix, then one can form the
q

productA B to obtain am x p matrix whose(i, j)-entry is defined to) _ a;x B;, wherea,; and
k=1

B,v denote the entries of and B respectively.

If the columns ofB are given by the vectors,, ..., b, € R?, then it is convenient to view the

product4 B as the result op matrix-vector products: namely, thyeth column ofAB is Ab;. We

denote this as follows:

AB = A| by by ... by, | = | Aby Ab, ... Ab,

Square matriced and B are said to commute il B = BA. However, for mostd, B € M,(R)
we haved B # BA. Hence, matrix multiplication is noncommutative.



e Elementary Matrices. A matrix E € M, (R) is an elementary matrix if£ is obtained from the
identity matrix I by applying one elementary row operation f0 Recall that there are three
elementary row operations:

(i) aR; (multiply thei-th row bya € R);
(i) R; < Ry (exchange rows andk); and

(i) aR; + Ry —> Ry (multiply thei-th row by «, add this to thet-th row and put the result
back into thek-th row).

For example,
1 0 0
E = 0O 1 0
0 -2 1

is an elementary matrix (obtained from the row operatie) R, + R3 —> R3 applied to/).

e TheTranspose. If A € M,, ,(R), then the transpose of is the matrixA” e M, » whose fromA4
by making the rows oft become the columns of” . More precisely, théi, j)-entry of AT is the
(j.i)-entry of 4, foreachi = 1,...,mandj = 1,..., p. Note that4d” 4 andAAT are square
matrices. An important identity relates to produatd:B)” = BT AT.

e Thelnverseof aSquareMatrix. A matrix A € M, (R) is invertible if there is a matrixC € M,(R)
such thatAC = CA = [. If such a matrixC exists—that is, ifA is invertible—thenC is
necessarily unique and we use the notatibr to denoteC. Thus,

A'A=44""=1.
Use: if A is invertible, then the matrix equatiodx = b has a (unique) solution given by
x = A"1b.

An important identity relates to products of invertible matricéstB)~! = B~1A4~1. Further-
more, if A is invertible, then so ist” .

To computed™!, apply elementary row operations to reduce the augmented njdtrix | to the
form [I : C]. The matrixC the inversed~! of A. This means, therefore, thatis a product
E4 E 1 --- E>Eq of g elementary matrice8 ; corresponding to thg elementary row operations
that were used toredugd : /]to [/ : C].

If 4 is invertible, thendx = 0 if and only if x = A~10 = 0. Therefore, the columns of
an invertible matrix4 are linearly independent. Likewise, the columns4f must be linearly

independent. Hence, a matrik is invertible only if the rows and columns of are linearly

independent. This fact can be used to quickly identify non-invertible matrices.

An important theorem linking these notions is as follows.

THEOREM. The following statements are logically equivalent for a matrix 4 € M, (R):

(@) the columnsof A are linearly independent;
(b) the columnsof A span R?;
(c) Aisaninvertible matrix.



e \ector Spaces. A vector space (over the real numbéR} is a nonempty set’ endowed with
operations of addition and scalar multiplication such that:

(a) the operation of addition satisfies
() vi +vy =vy +vq,forallvg, vy €V,
(i) (v1 +v2) +v3 =01+ (v2+v3), forallvy,va,v3 €V,
(iii) there is a unique elemetite V suchthat + 0 =0+ v = v, forallv € V, and
(iv) foreveryv € V there is a unique elemeftv) € V such that + (—v) = 0;

(b) and the operation of scalar multiplication satisfies, foralk, a» € R andv, vy, v, € V,
() (v1a2)v = a1(a2v),
(i) av=0€ V whenevex =0 Rorv=0¢€V,
(i) 1v = v, wherel € R,
(V) a(vi +v2) = avy + avy,
(V) (o1 + a2)v = a1v + aav.

Some familiar vector spaces are:

(a) our old friendR?,

(b) the spacé,,, ,(R) of m x p matrices,

(c) the spacg(R) of all functionsf : R — R,

(d) the spac® [x] of all polynomials (with real coefficients), and
(e) the spac,)[x] of all polynomials of degree at mogt

e Subspaces. A subspacéV of a vector spac’ is a subset¥ C V such that

(a) wy + wy € W, forallwy, wy, € W, and
(b) cw € W, foreverye € R and allw € W.

If W C V is a subspace of a vector spacethenlV itself is a vector space.

In practice, if one is asked to show (or prove) that a certain subseff a vector spacéd’ is a
subspace, then one must verify thtsatisfies the two conditions (a) and (b) above that define the
notion of subspace.

Examples of subspaces are:

(@) R(p)[x]is a subspace ak [x];
(b) ifvy,...,v, € V, then Spafuy, ..., v,} is a subspace of ;
(c) the subspaces & are:

(i) the zero subspac®} (where0 € R? is the origin);
(i) any line passing through the origin;
(i) R? itself.
(d) the space of all € M,, ,(R) whose first column is zero is a subspace\f; ,(R).



e RangeandKernel; Column Space and Null Space. Two other examples of subspaces are important,
and these arise as follows. Assume thadndV are vector spaces and thfat U — V is a linear
transformation.

The kernel ofT" is the subset kel of U defined by: ke" = {u € U|Tu = 0}.
The range off" is the subset Raf of V defined by: Raf” = {TueV|ueU}.

THEOREMIf T : U — V isalinear transformation, then kerT isa subspace of U and RanT is
a subspaceof V.

This theorem above can be proved by students effiM122. For example, to show that KEris
a subspace df’ there are two conditions to verify:

(a) thatu; + u, € kerT, foralluy,u, € kerT, and
(b) thatau € kerT, for everyx € R and allu € kerT.

To verify (a), letuq, u, € kerT. To show thatu; + u, € kerT is to show thatl" (u; + u,) = 0,
since this is how the kernel df is defined. To this end, comput@:(u; + us) = Tuy + Tup =
0+ 0 = 0. This shows thati; + u, € kerT, for all uy, u, € kerT. To verify (b), lete € R and

u € kerT. Compute:T (eu) = aTu = «(0) = 0. This proves thatru € kerT, for everya € R
and allu € kerT. (Note how the fact thal’ is a linear transformation was used in both (a) and
(b).) Hence, we have proved that Keis a subspace df .

If U = R? andV = R™, thenT is anm x p matrix and kef" is called the nullspace of’,
denoted by Nulll', and Rarf is called the column space @f, denoted by Cal".

e Row Space. Each row of ann x p matrix A can be considered as a “row” vector. Rather than
writing a row as a vector ilR?—which is a notation normally reserved for column vectors—let
us denote the space of all row vectors (®8%)*. The row space ofl, denoted by Row, is the
subspace ofR?)* that is spanned by the rows df.

e Basis. If W is a subspace of a vector spacethen vectorsvy, ..., w, € W form a basis oW if

(@) wy, ..., wy are linearly independent, and
(b) W = Spadwy, ..., wg}.

Examples of Bases for Vector Spaces are:

(a) e1,...,ep, form a basis ofR?, wheree; € R? denotes the vector within position j and0
elsewhere;
(0) Ev1,....E1p. E21,.... E2p, ..., Em1. ..., Eppformabasis oM, ,(R), where eaclE;;
My, p(R) is the matrix with(i, j)-entry1 and zeros elsewhere in the matrix;
(€) 1,x,x2 x3 x* ... form a basis oR [x];
(d) 1.x,x2,...,x? form a basis oR ) [x].
The value of abasisis: iby, .. ., w, are basis vectors for a subspdte then every vectow € W

has a unique representation as a linear combination of the basis vegtars , w,.

Even more good things occur with bases. Lebe a p-dimensional vector space, and suppose
that the vectors, ..., v, € V form a basis of. Then each vectar € V' is represented as

V= 01V + aav2 + -+ 0pUp,



wherexy, ..., o, € Rare uniquely determined by, identified with)v. These numbexs;, ..., a, €
R are the “coordinates” of with respect to the given basis. Therefore, we identify IV with the
coordinate vectos € R? defined by

o]

0%

b = ) eR?.
\\“pJ

-3 6 15
For example, assume thaf = 1 |,vo=| 2 |,andv3 = | 32 | form a basis ofR?
-2 : g
-3
and consider the vecter= % . To find the coordinates af with respect to the basis vectors
-2
v1, U2, V3 We must solve
V = o1V] + 0¥z + o3V3

for a1, an, a3 € R. To do so form the augmented matrix

-3 -6 -15 : -3
1 3/2 92 : 1)2
—2 —7/2 -17/2 : =2

and use elementary row operations to reduce it to an echelon form:

-1 -2 -5 : -1
0 -1 -1 : 11
0o 0 -2 : 1

Now back substitute and solve for eaeh to geta; = 1/2, ap = 3/2, andaz = —1/2. Hence,
the coordinate vector af is the vector
1/2
0 = 3/2
—1/2

Dimension. The number of elements in any basis of a subsp#cis called the dimension o/,
denoted by dini¥'.

THEOREMIf A € My, ,(R), thendim(Col 4) = dim(RowA).
We make the following definitions fod € M,, ,(R).

(@) The rank of4 is the number ranid) defined by: rank(A)= dim(ColA).
(b) The nullity of 4 is the number nullity4) defined by: nullitfA) = dim(Nul 4).

RANK-PLUS-NULLITY THEOREMIf A € My, »,(R), then p = rank(4) + nullity(4).



e Finding the Bases for Null Spaces, Column Spaces, and Row Spaces. We aim to find a basis for
each of the subspaces N4il Col 4, and RowA, given a matrixd € My, ,(R).

(&) Null Spaces. To compute a basis for Nul, solve Ax = 0 by reducing the augmented matrix
[A : 0] to an echelon form. If there is a unique solution, then Mul= {0} C R?. If there are
infinitely many solutions, then identify the free variables, sgy x,_1. ..., x4, and express
the general solution telx = 0 as a linear combination of vectots,, v,—1,...,v4 € R?
using the free variables as coefficients. Thavig Nul A if and only if

V = XpUp + Xp—1Vp—1 + -+ + XgqVq.

The vectors,, vp—1, ..., v4 € R? form a basis of NuM.

(b) Column Spaces. To compute a basis for Cdl, reduce the matrix to an echelon fornB. In
each row ofB that has a leading nonzero entry, note the column in which the leading nonzero
entry appears. The corresponding column in the original matnixill be a basis vector for
Col A. Doing this for every row ofB that has a nonzero leading entry determines the basis
vectors for ColA.

(c) Row Spaces. To compute a basis for Row, reduce the matrid to an echelon fornB. Each
row of B that has a leading nonzero entry is a basis vector for Rolence, the rows ob
that have a nonzero leading entry are the basis vectors forRow

REMARK. A basis for Cold consists of a subset of the columns 4f In contrast, a basis for
Row A consists of a subset of the rows of ethelon form of A.

ADDITIONAL REMARK. If vy,...,v, € V andW = Span{vy,...,v,}, then there is a subset of
the vectorsy, ..., v, that forms a basis fol.

e The Matrix of a Linear Transformation. Assume thaf” : V — W is a linear transformation. Let
v1,...,Vp € V be basis vectors fo¥ andwy, ..., w, be basis vectors of’. The matrix ofT’
with respect to these bases Bfand W is them x p matrix whosej -th column is given by the
coordinates of v ,—that is, thej -th column is

‘L'lj
‘L'zj
. e R™,
o |
wherery;, ..., 7, € R are the uniqgue numbers for which
Tv, = tjw; + T;W; + ++ + TpyjWp .

¢ Findingthe Basesfor the Kernel and Range of a Linear Transformation. Assumethaf” : V — W
is a linear transformation. To find a basis for Kerand rarl’, the approach will depend on how
much information about’, W, andT one has. An algortihmic approach—which is hot necessarily
the recommenced approach—is to (i) find basesfand W, (ii) find the matrix representation
of T with respect to these bases, (iii) find bases for the column and null space of the matrix
representation, and (iv) use the coordinate vectors that form bases for the column and null space
of the matrix to determine basis vectors for the kernel and range of the transformation.



e Determinants. The determinant is a number denoted by di¢hat is assigned to eaghx p matrix
A, for any p. The number ded is called the determinant of.

If p =1andA = [a] € M;(R), thendetd = a.

a b
d

If p=2and4 = ] € M>(R), then detd = ad — bc.

011 ¢12 @13
If p = 3andA4 = 0p1 O (23 S M3(R), then

31 032 (33

detd = aj (=) ldetd;; + app(—1)'"2detd;, + ajz(—1)' "3 detd;s,
whereA; denotes the x 2 matrix that remains when row #1 and colump 8f A are removed
from A.
If pis arbitrary andd € M,(R), then

detd = o (=)' ldetd; + anp(=1)'"2detd;n + -+ + a1p(—1)'T?7 detd, ,
whereA,; is the(p — 1) x (p — 1) matrix that remains when row #1 and colump #f A are

removed fromA.

The cofactors off € M, (R) are the number€;; = (—1)' ™/ det4;;, where4;; is the(p — 1) x
(p — 1) matrix that remains when rowi#nd column # jare removed from.

It is extremely useful that det can be computed by a cofactor expansion along any of its rows or
columns.

THEOREM. If A € M,(A), then, foranyi & j,
detA = a;1Cit + @j2Ciz + -+ + ;pCip

= a;C + a;Cyj + -+ + apiCp; .

The effect of elementary row operations on the determinant are summarised as follows:

(a) if A’ isthe matrix obtained from by interchanging two rows afl, then detd” = (—1) det4;

(b) if A" is the matrix obtained fromd by multiplying row # of 4 by « € R, then detd’ =
o det4; and

(c) if A’ is the matrixA except that row # jof A" is obtained fromA4 by multiplying row #
of A by @ and adding this to row # of A, then there is no change in the determinant:
detAd’ = detA.

THEOREM. Useful properties of determinantsare

(@) detdT = det4,
(b) detAB) = (detA)(detB),
(c) Aisinvertibleif andonlyif detd # 0,



1
(d) if Aisinvertible, then det4~! = —— and

~ det4
[ Ci1 Co1 ... Cpl —|
-1 _ 1 Cia Cypp ... sz
detAL R I
Clp C2p oo Cpp

Itis importantto note that det isot a linear transformatioM , (R) — R, as neither d¢#d + B) =
detA + detB nor det(eAd)= « detA are true in general.

The Eigenvalue Problem. If T : V — V is a linear transformation on a vector spdcgthen a real
numberd € R is an eigenvalue of’ if there is a nonzero vectar € V—called an eigenvector
corresponding td—such that

Tv = Av.

Note thatT'v = Av if and only if
0=Tv—Xtv =Tv—Av = (T-Al)v.

HenceA € Ris an eigenvalue of if and only if ke T — A1) # {0}; in such cases every nonzero
vectorv € ker(T — Al) is an eigenvector of corresponding td.. The subspace k&F — A1) is
called the eigenspace corresponding to the eigenvalue

If V=RP, thenT isap x p matrix. Therefore, it is useful to know how to find the eigenvalues
of matrices4A € M, (R). This is achieved by way of the characteristic polynomiaHof

The characteristic polynomial of € M, (R) is the polynomiak (1) of degreep defined by
c(A) =det(4—Al).
The roots of the characteristic polynomial é¢¥thosel € R for which ¢(1) = 0—are precisely

the eigenvalues ofl. (Why?)

Given an eigenvalué of A, to find the eigenvectors one solvéd — A7)x = 0 for x. Since
we are seeking the most general solutian® (A — A7)x = 0, we necessarily seek a basis for
Nul (4 — AT).

Therefore, “to solve the eigenvalue probletn = Av” for 4 € M,(R) one means:

(i) the determination of alk € R for which Nul(A4 — A7) # {0}, and
(i) for each sucht, the determination of a basis for (the eigenspace)(Mu- A 7).

Diagonalisation of Matrices. Some (but not all!!) matriced € M,(R) have the useful property
that a basis folR” can found which consists entirely of eigenvectorsoofSupposed € M, (R)
is such a matrix; thed is said to be diagonalisable.

If A € M,(R)admits abasisy, ..., v, of R? in which eachw; is an eigenvector oft, then there
are real numberd,...,A, € R (these numbers might not be distinct—that is, there could be
numbers in the list that are repeated) such that

Av; = Ajv;, forallj=1,....p.



By virtue of the fact thevy, ..., v, form a basis ofR?, the matrix? € M,(R) with columns
V1i,...,Vp, Namely

is invertible. Furthermore,

AP = AUI AU2 AUp = )lel szz )vap = DP,

whereD € M, (R) is the diagonal matrix

A

Thus,
P'AP = D.
In other words, in passing from to P~! AP we have diagonalised.

The following theorem tells us which matricese M ,(R) have the property thak? has a basis
of consisting of eigenvectors of.

THEOREM. Let A € M,(R) and denote the distinct eigenvalues of 4 by A¢,..., 1, (and so
q < p). Thefollowing statementsare logically equivalent:

(@) Aisdiagonalisable;

(b) dimNul(4A — A1) + --- + dimNul(4 —A,1) = p.



