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LIMITING BEHAVIOUR OF MOVING AVERAGE PROCESSES

UNDER NEGATIVE ASSOCIATION ASSUMPTION
UDC 519.21

P. CHEN, T.-C. HU, AND A. VOLODIN

ABSTRACT. Let {Y;, —0co < i < oo} be a doubly infinite sequence of identically dis-
tributed negatively associated random variables, {a;,—co < i < oo} an absolutely
summable sequence of real numbers. In this paper, we prove the complete conver-
gence and complete moment convergence of the maximal partial sums of moving

average processes {Zfiioo aiYitn,n > 1}. In the paper we improve the results of

Baek et al. [2] and Li and Zhang [12].

1. INTRODUCTION

We assume that {Y;, —oco < ¢ < +oo} is a doubly infinite sequence of identically
distributed random variables. Let {a;,—00 < i < +oo} be an absolutely summable
sequence of real numbers and

o0
Xn= Z a’i}/;Jrn? n > ]-7

i=—00

be the moving average process based on the sequence {Y;, —00 < i < 400}.
For the moving average process { X,,,n > 1}, many limiting results have been obtained.
For example, under the independence assumption of the base sequence

{Vi, —00 < i < 400},

Burton and Dehling [3] obtained a large deviation principle, and Li et al. [11] obtained
the complete convergence result. Under different dependence assumptions of the base
sequence {Y;,—oco < i < +oo}, Zhang [17] obtained the complete convergence result
when the base sequence {Y;, —00 < i < 400} consists of p-mixing random variables, and
Back et al. [2] and Liang et al. [13] obtained the complete convergence result when the
base sequence {Y;, —0o < i < +00} consists of negatively associated random variables.
For the Banach space generalizations we refer to the papers Ahmed et al. [1], Chen et
al. [5, 6].

Recall that a finite family of random variables {Y;,1 < i < n} is said to be negatively
associated (abbreviated to NA) if for any disjoint subsets A and B of {1,2,...,n} and
any real coordinatewise nondecreasing functions f on R4 and g on R,

Cov (f(Yi,i€ A),g(Y;,j € B)) <0
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LIMITING BEHAVIOUR OF MOVING AVERAGE PROCESSES 155

whenever the covariance exists. An infinite family of random variables

{Yi, < —o0 K i < o0} <
is NA if every finite subfamily is NA. This concept was introduced by Joag-Dev and
Proschan [10].

In the following we let S,, = >.7_; Xi, n > 1, be the partial sums of the sequence
{X;,i > 1} and {a;, —00 < i < 0o} be an absolute summable sequence of real numbers,
that is > .o la;| < co. Next, for a real number z, let ;. = max{0,z} and for any
number ¢, we define ¢ = (21)?. As usual, C represents a positive constant although
its value may change from one appearance to the next.

First we discuss the previous results connected with complete convergence. The fol-
lowing was proved in Hsu and Robbins [9] and Erdés [8].

Theorem A. Suppose that {X,,,n > 1} is a sequence of independent identically distrib-
uted random variables. Then E X, = 0, E|X1|?> < oo if and only if

Z P{|Sn| > en} < o0
n=1

for all e > 0.

Hsu-Robbins-Erdés result was generalized by Li et al. [11] for a moving average
process based on a sequence of i.i.d. random variables {Y;, —co < i < +o0}.

Theorem B. Suppose {X,,,n > 1} is the moving average process based on a sequence of
independent identically distributed random variables {Y;, —oo < i < oo} with EY; = 0,
E|Y1]?* < o0, 1 <t <2. Then > o0 P{|Sn| > en!/t} < 0o for all e > 0.

The result of Li et al. was generalized for a moving average process based on a sequence
of NA random variables {Y;, —oo < i < +o0} by Baek et al [2] and Liang et al. [13]. If
we omit some insignificant details connected with slowly varying functions and stochastic
domination condition, their result could be formulated in the following way.

Theorem C. Suppose that {X,,n > 1} is the moving average process based on a se-
quence of NA identically distributed random variables {Y;, —oo < i < oo} with EY; =0,
E|Y1]?* < o0, 1 <t <2. Then > o0 P{|Sn| > en'/t} < 0o for all e > 0.

Next, we discuss the previous results connected with complete moment convergence.
The notion was introduced in Chow [7], where the following result was also proved.

Theorem D. Suppose that {X,,n > 1} is a sequence of independent and identically
distributed random variables with EXy; = 0 and 1 < p < 2, r > p. If E{|Xq|"? +
| X1]log(1 + | X1])} < o0, then

(o)
an_Q_l/p E{|S,| —en'/P}, < oo for all e > 0.
n=1
We refer the interested reader to the papers Chen [4] and Rosalsky et al. [14] for the
generalizations of Theorem D on the Banach space setting.
Li and Zhang [12] extended Theorem D for the case of moving average process based
on NA random variables. Their result can be formulated in the following way, where we
again omit some insignificant details connected with slowly varying functions.

Theorem E. Suppose {X,,,n > 1} is the moving average process based on a sequence
of independent identically distributed random variables with EY; = 0, EY;?> < oco. Let
1<p<2,r>1+ p/2. Then E|Y1|"? < oo implies that

ST URE(IS,| —en'/P)y < oo for all e > 0.

n=1
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2. FORMULATION OF THE MAIN RESULTS

The purpose of this paper is to improve the results of Baek et al. [2] (presented above
as Theorem C) to the maximal partial sums, and extend the results of Li and Zhang [12]
(presented above as Theorem E) to the maximal partial sums of a moving average process
based on a sequence of NA random variables {Y;, —oo < i < 400} under more optimal
moment conditions.

Our main results are as follows.

Theorem 1. Let 1 <p <2, r>1, rp# 1. Suppose that {X,,n > 1} is the moving av-
erage process based on a sequence of sretependent identically distributed random variables NA
{Vi, -0 <i<oo}. IfEY; =0 and E|Y1]™ < oo, then

o)
ZHT_QP{ID&X |Sk| > enl/? }<oo for all e > 0.
1<k<

Theorem 2. Let ¢ >0, 1 <p <2, r>1, rp# 1. Suppose that {X,,n > 1} is the
moving average process based on a sequence of #wmdependent identically distributed random — NA
variables {Y;, —o0o <i < oo}. IfEY; =0 and

ElY1"P < o0, ifq<rp,
E|Y1]™log(1 + |Y1]) < o0, if ¢ = rp,
EY1]9 < o0, ifgq>rp,
then

00 q
Z nr727q/;0 E{ max |Sk| — gnl/ } < 00 fOT all e > 0.
P 1<k<n n

3. TWO TECHNICAL LEMMAS
The following lemma plays a crucial role in our proofs, see Theorem 2 of Shao [16].

Lemma 1. Let ¢ > 2, {X;,1 <i < n} be a sequence of NA random variables with mean
zero and E|X;|? < oo for every 1 < j < n. Then

n q/2 n
<C (ZE|Xj|2> + ) E|X;
j=1 j=1

The next lemma is pure technical.

E max
1<k<n

Lemma 2. LetY be a random variable with E|Y|"Py(1+|Y]) < oo, wherer > 1, p > 1,
and Y(x) =1 or ¢(z) = log(x), x > 1.

(i) oz n" ' P{|Y]| > n!/P} <CE|Y|™.

(ii) If ¢ > rp, then

S w1 /ey (n) E Y] {IYI < n””} < CEY[Py([Y)).

(iii) If s> 1, v>0, sp>v and E[Y|"PY(1 +|Y]) < oo, then
o0

Z s=1= v/py( )E|Y|”I{|Y| > nl/p} < CEY[Py(1 +[Y]).

Proof. First of all, we mention that statement (i) is well known, so we will prove only (ii)
and (iii). Note that the function 1 has the following properties:
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(a) for any m >1

Z n“"lih(n) < Cm*yp(m), ifu>0

n=1

and
Z n“"l(n) < Cm“p(m), ifu<0

(b) for any p > 0, ¢(|al?) = C¥(jz]) < CH(1 + Jz)).
(ii) Since r — ¢/p < 0, we have that

S w9 () E Y91 {1 <niv}
n=1

W) YO E Y] {m — 1 < [YP < m}

m=1

[M]8

C

3
Il
i

o)
E|lYI{m—-1<|Y|? <m} Z n" 1=y ()

1 n=m

y)
NE

3
I

m" = PY(m) E[Y " {m ~ 1 <|Y[" <m}  (by (a))

IA
a
NE

3
l‘

Em”~/Pyp(m)|Y|9T{m —1 < |Y|P < m}

IA
Q
[M]8

3
Il

SO E(YP)Y P+ YDV {m ~1 < Y] < m}

hE

3

SO EYPYA+ [Y)I{m—1 < [Y]? <m}
m=1

< CEY[PP(1+[Y]).
(iii) We have that

f: ey () ENY T {Y] > 0t/
n=1

[M]8

C ns—l—v/pw(n) Z ElY|"I{m < |Y|P <m+1}

m=n

3
Il
i

EY]I{m < [V <m+1} Y 0 /7y(n)

n=1

y)
M8

3
l‘

ms_”/”w(m) ElY|"I{m < |Y|P <m+ 1} (by (a))

IA
Q
(e

3
l‘

hE

O EmFTVPY(m)|Y [P I{m < |Y|P <m + 1}

3
Il

E(Y[P)>=/Py(Y )Y |"I{m < |V < m + 1}

WK

—

m=

<C
SCEYPPY(+Y])  (by (b). O



158 P. CHEN, T.-C. HU, AND A. VOLODIN

4. PROOF OF THE MAIN RESULTS
First we prove Theorem 1.
Proof. Let
Y = —pt/eg {Yj < —nl/p} YT {|Yj| < nl/”} +nl/PI {Yj > nl/p} ,

and Y,EJQ-) =Y; - Y,Ejl-) be the monotone truncations of Yj,—oo < j < oo. Then by
Joag-Dev and Proschan [10], for any n > 1

{ng) — EYTS),—OO <j< oo} and {Y(g) —00 < j< oo}

nj

are two sequences of NA random variables. Note that

n n 00 00 i+n
S =D D avia= Y w >
k=1 k=1i=—o00 i=—o0  j=i+1
and
00 i+k 00 i+k
_ 1 _ 1
n~YP max |E Z a; Z YTS) <n P Z |a;| max |E Z YTS)
1<k<n| | & J . 1<k<n| & J
i=—00 Jj=i+1 1=—00 Jj=i+1

< COn Yy (‘EYJ{|Y1| < nl/p}‘ +n1/pP{|Y1| > nl/p})
< Cnl_l/pE|Y1|I{|Y1| > nl/”} +C’nP{|Y1| > nl/”}
<CEMPI{i|> "7} +CnP{ 1| >n!/7} =0 asn— .

Hence, for any ¢ > 0 where exists n large enough such that

i+k

E‘i a Y Y

i=—o0  j=i+l

n~YP max

< eg/4.
1<k<n 6/

Therefore, in order to prove Theorem 1, it is enough to prove that

o i+k
Z a; Z (Yé;)—EYé;))}>6n1/”/4 e

i=—o0  j=i+l

oo
I:= E n"2P{ max
1<k<n

n=1

and
i+k

S a3 v

oo
J = E n"2P{ max
n=1 1=—00 j=i+1

1<k<n

>6n1/p/2 < 0.

For J by Markov inequality we have

i+k

S a3 v

oo
J<C E n"2n"YPE max
1<k<n =
n=1 1=—00 Jj=i+1

S o |
<O u (I {] >t} 2P {1vi| > 0t}

(o)
<CY W UrE |Y1|I{|Y1| > nl/p} L CE|YA[®  (by Lemma 2(i))
n=1

<CEWY|? <0 (by Lemma 2(iii) with ¢(z) = 1,v =1, and s =r).
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For I, fix any ¢ > 2 (to be specified later). Then
i+k q
>y (v -evy)

1=—00 j=i+1

o0
I1<C n""2= 9P E max
- Z 1<k<n

(by Markov inequality)

00 i+k q
r—2—q/p 1 (1)
<oy e 3l | S (v -ev))
n=1 1=—00 Jj=i1+1
N N S () NN
r—2—gq/ q1=1/ 1/ b _ L
<CY n qu<‘Z <|az| q) <|a| " max Z (Ynj EY,; )D>
n=1 i=—00 j=i+1
, oo i+k ) @ q
2—
<cywron( Y ) S e [ S (v el
=1 i=—00 i=—00 Jj=i+1
(by Holder inequality)
= (y) ONE
r—2—q/ .
< CZTL q/p Z |az|E1g1kann Z (Ynj EYnj )‘
1=—00 j=1+1
(smce Ei__oo la;| < o0)
i+n 1 1 2 Q/2
soyw o Sl 3 (e -en))
i=—00 Jj=i+1

D

j=i+1

Y<1>‘ }
(by Lemma 1)

<CZnT sl 3 Iaz|{<n (ever{ml <} + e i) > n2}))"

i=—00

+n (E|Y1|(II{|Y1| < nl/p} 4+ na/Pp {|Y1| > nl/;,})}

o0

. CZTLTQq/p{ (n (EYfI {|Y1| < nl/p} L p2rp {|Y1| > nl/p}))Q/Q

+n (E|Y1|(II{|Y1| < nl/p} 4+ na/Pp {|Y1| > nl/;,})}
(since Y oo |a;| < 00).

We consider two separate cases. If rp < 2, let ¢ = 2. We have

o0
r<cy i (E |1/1|21{|Y1| < nl/p} +n2/Pp {|Y1| > nl/p})
n=1

(o)
<C> W PEY P {|Y1| < nl/p} L CE|YA[™  (by Lemma 2(i))
=1
<CEMY|P < o0 (by Lemma 2(ii) with ¢ = 2 and ¢(x) = 1).
If rp > 2, let ¢ > 2p(r — 1)/(2 — p) > 2. Note that in this case

EWiPT{Ivi] < n'/7} SEP < (B [7)7) < oo
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and by Markov inequality
n?/?p {|Y1| > nl/”} <EV:]? < 0.

Hence

r<ey m—?-q/p{ (n (EmPI{ Il < 0o} + 02 p {1i] > ni/2} )"

n=1

+n <E|Y1|‘II{|Y1| < nl/p} —|—nq/pP{|Y1| > nl/p})}

<C Z n"—2—4/pt+a/2 +C Z nT1-a/PE V1|91 {|y1| < nl/p}
n=1

n=1
oo
+C§:n“ﬂpgmy>ﬁm}
n=1
<C+CEWN|? <
by Lemma 2(i) and (ii) with ¢ (z) = 1. O
Next, we prove Theorem 2.

Proof. For every € >0

o0 q

E n" 2P E{ max |Si| —enl/?
1<k<n

n=1 +

= Z n’—2-a/p P{ max [Sg|—en/P > Y94 dt
o 1<k<n

1

3
Il

M

nd/p
nr_Q_Q/p/ P{ max |Sy| —en/? > tl/q} dt
0

1<k<n

n=1

_|_
gt

o0
nr_Q_Q/p/ P{ max |Si| —en'/? > tl/q} dt
na/p 1<k<n

0 [e%s}
< nTQP{ max |Sg| > z—:nl/p} + Zn“%q/”/ P{ max |Sg| > tl/q} dt.
1<k<n — n 1<k<n

a/p

Nt

Hence by Theorem 1, in order to prove Theorem 2, it is enough to show that

oo 0
E nr_Q_Q/p/ P{ max |Sg| > tl/q} dt < oo.
vt n 1<k<n

a/p

Let
Yj(t’l) — _¢V/ag {Y] < —tl/q} —l—YJ{|YJ| < tl/q} 4 ti/ag {YJ > 131/q}7

and Yj(t’Q) =Y - Yj(t’l) be the monotone truncations of Y, —oco < j < oco. Then
by Joag-Dev and Proschan [10], for any ¢t > 0, {Yj(t’l) — EYj(t’l), —00 < j < oo} and

{Yj(t’2), —oc0<j< oo} are two sequences of NA random variables. Note that

00 i+n

n o0
ZXk:Z Z a;iYipp = Z a; Z Y;
k=1

=1li=—o00 i=—o0  j=i+l
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and
i+k
sup ¢t~ max Z a; Z Yt1
t>na/p 1sksn 1=—00 Jj=i+1
i+k 1)
< t1/a  |E v
S el s e 3
i=—00 Jj=i+1
<C sup tVin (‘EY1[{|Y1| < tl/QH ytl/ap {|Y1| > tl/q})
t>na/p
<C sup t~Vp <E|Y1|I{|Y1| > tl/q} +tt/ap {|Y1| > tl/q})
t>na/p

<) mEMI{Yi] > (10/7) 7} + onP {Iva] > (n9/7) 7}
<CEn'" 1/p|Y1|I{|Y1| > nl/p} +CnP{|Y1| > nl/p}
< CE|Y1|”I{|Y1| > nl/p} + CnP{|Y1| > nl/p} =0

as n — o0o. Hence for n large enough we have that

o i+k

ST

1=—00 Jj=i+1

sup t~'/9 max
t>nalv 1<k<n

< 1/4.

Therefore, in order to prove Theorem 2, it is enough to show that

I —an 2- Q/”/ 1I<nka§n Z Z (Y(“) EYj(t’l))‘>t1/q/4 dt < oo

na/p i=—o00  j=i+1l

and
= o0 0 itk
=) P : Y2 s a2 8 at <
! /n(I/p 1glkagxn Z @i Z J / 0.
n=1 Pl St

We first show that J < co. By Markov inequality

i+k

ZazZY”

i=—00 Jj=i+1

J<C'an 2- ‘I/p/ t1/1E max

na/p 1<k<n

n=1

0 o)
<C Z nr—1-a/p /
/
n=1

na/p

o0 o)
<c Z n,,,l,q/p/
— /

na/p

—CZn’“ - q/pz/

<C’Zn’“ 1- q/pzmq/p 1- 1/7’E|Y1|I{|Y1|>m1/p}

n=1 m=n

_szq/p 1- l/pE|Y'1|I{|Y'1|>m1/p}§:n7’flfq/p

m=1 n=1

¢1/a (E |Y1|I{|Y1| > tl/(I} yl/ap {|Y1| > tl/q}) dt

t’l/qE|Y1|I{|Y1| > tl/q} dt

(m+1) q/p
CYEMIT{ v > ) at

a/p
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CY o mrImYPE W |I{|Yy] > mt/P}, if g < 7p,

<cCY > mrimYPlog(l +m)E Y1 |I{|v1| > ml/p}, if g =rp,
CY e mi/PI=VPE |V [I{|Y1] > m!/P}, if ¢ >rp
CE|Y1|™P, if ¢ < rp,
< CEM[Plog(1+ 1), if ¢ =rp,
CE|Y1]9, if g>nrp
(by Lemma 2(iii) with v = 1)
< oo (by the assumptions of Theorem 2).

We now prove that I < co. Fix any s > 2 (to be specified later). By Markov inequality,

S

o 00 i+k
< r—2—q/p —s/q ( vy 1)>
I<cC E n / t E1r<n]?<xn E a; E ] dt
na/p == li=—oo  j=it1

1

n

i+k s
Z (Yj(t,l) 3 EYJ(M))D i@t

o] 0o o]
- Cznr72fq/p/ ts/qE< S Jas| max
n=1 na/v e e
(o]
Scznr*%q/p
n=1
% tfs/q E (ai 171/5)
,/nq/p <zzoo | |
i+k 1) 1) s
/s t1) t,1
(ol | 3 (0 - ) ) a
j=i+1
(o]
Scznr*%q/p
n=1
i+k 1) (1) s
t,1 t,1
x| 3 (B BV

o)
></ 9/q( Z |az|) Z |al|E max
1=—00 ] 7+1

1=—0Q

(by Holder inequality)
dt

i+

r— —s ,1 ,1
<Czn o q/p/ /a Z il E o Z (Yj(t ) ey >)
1=—00 j=i+1

n=1
(since Y= lai| < o0)
i+n s/2
<CZn7" 2— q/p/ —s/q Z |al|{< Z E(y(tl) Ey(t1)> )
1=—00 j=i+1
i+n }

n=1
+ Z ‘Y(t 1) EY(t 1)‘

j=i+1

(by Lemma 1)
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nr—2-a/p

NE

<C

n=1

X/"" oy |ai|{ns/2 (Emipr{ vl < e/ +2ap fyi| > p/a}) "

a/p .
i=—00

+n (E Vi|*1 {|Y1| < tl/q} /1P {|Y1| > tl/q}) } dt

o0

o0
<C Z nrf2*q/p/
n=1 n

ts/q{ns/2 (Emier{ ) < ev/ed 2 {| > /a}) ™

a/p
+n (E Vi|*T {|Y1| < tl/q} eslap {|Y1| > tl/q}) } dt

(since Y0 lai| < o0).
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Consider two separate cases. If max{q, rp} < 2, let s = 2. We have

~
INA
Q

[M]8

nH*q/P/ t=2/a (E|Y1|21{|Y1| < tl/q} + 2/ P{|Y1| > tl/q}) dt
na/p

3
Il
-

o0
n*—l—q/f’/ t‘2/‘1E|Y1|QI{|Y1| < tl/q} dt
na/p

IA
Q
(]2

n=1
o0 e}
+C’Zn7"_1_q“’/ P{|Y1| >t1/‘1} dt
n—1 na/p
[eS) [eS) md/P
=Y il / f2/qE|Y1|21{|Y1| < tl/q} dt
n=1 m=n+1 (m—1)1/P

o0
+C Y P E Y| {|Y1| > nl/p}
n=1

o'} o'} md/P
<oy i ST EWPI {|Y1| < ml/q} / t=2/94t + CE|v4|™P
n=1 m=n-+1 (m—1)2/»
(by Lemma 2(iii) with s = r and v = q)
<CY W S - ) E PV < ml7 )+ CE YT
n=1 m=n+1

(oo} (o]
<O it/ N /12 g |Y1|21{|Y1| < ml/P} +CEYi|™

n=1 =

=C Z ma/P~1-2/pE Ml {|y1| < ml/p)} Z n'mlm4/P L CE [vy|"P
n=1

m=1
CY v m PR Y PI{Y | < mY/P} + CE Y|P, if ¢ < rp,

<O mm P log(1+m) EY, PI{|Y1] < mY/P} + CEVA[™, if ¢ =rp,
CY v mI/P 122/ E|YPI{ V1| < m'/P} + CE|YA|™, if ¢ >rp
CE|Y1|™, if g < rp,

< CEYi|Plog(l + |Ya|) + CEYA|™?, if g=1p,
CEY1|7+ CE V1|, ifg>rp

(by Lemma 2(ii))
< 0.

If max{q,rp} > 2, let s > max{q, 2p(r — 1)/(2 — p)}. Note that in this case
E|Y1|21{|Y1| < tl/q} <EW[? <
and by Markov inequality

#2/4p {|Y1| > tl/q} <EV)? < .
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oo

<oy e [ gy
n=1 n
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Remark. The key point of the proofs of Theorems 1 and 2 is the application of Holder
and the Rosenthal-type inequalities for maximum partial sums of NA sequence presented
in Lemma 1. Note that the Rosenthal-type inequality for maximum partial sums also
holds for p and p*-mixing random variables (cf., for example, Shao [15]). Hence Theorems
1 and 2 remain true for p and p*-mixing random variables.
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11.
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15.
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