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1. INTRODUCTION

Marcinkiewicz-Zygmund type strong laws of large numbers were studied by many authors. In 1981,
Etemadi [3] proved that if { X,,;n > 1} is a sequence of pairwise i.i.d. random variables with EX; < oo,

1
thenlim — 3" (X; — EX;) =0a.s.
n

Later, in 1985, Choi and Sung [2] have shown that if {X,,;n > 1} are pairwise independent and are
dominated in distribution by a random variable X with E|X|P(log™ | X|)? < 00, 1 < p < 2, then

1 n
lim — Y (X; - EX;) =0as.

ne ;=1

Recently, Hong and Hwang [5], Hong and Volodin [6] studied Marcinkiewicz-Zygmund strong law
of large numbers for double sequence of random variables, Quang and Thanh [12] established the
Marcinkiewicz-Zygmund strong law of large numbers for blockwise adapted sequence. In this paper,
we extend the results of Hong and Volodin [6] to some special class of Banach spaces, so-called Banach
spaces that satisfy the maximal Marcinkiewicz-Zygmund inequality with exponent p (see the definition
below). This class includes Rademacher type p and martingale type p Banach spaces, 0 < p < 2.

For a,b € R, max {a, b} will be denoted by a VV b. Throughout this paper, the symbol C' will denote a
generic constant (0 < C' < oo) which is not necessarily the same one in each appearance.
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338 DUNG et al.
2. PRELIMINARIES

Technical definitions relevant to the current work will be discussed in this section.

The Banach space X is said to be of Rademacher type p (1 < p < 2) if there exists a constant
C < oo such that

D
E\N V|| <Y EIWP
j=1 j=1
for all independent X' -valued random elements V1, ..., V,, with mean 0.

We refer the reader to Pisier [10] and Woyczynski[16] for a detailed discussion of this notion.

Scalora [14] introduced the idea of the conditional expectation of a random element in a Banach
space. For a random element V' and sub o-algebra G of F, the conditional expectation E(V'|G) is defined
analogously to that in the random variable case and enjoys similar properties.

A real separable Banach space X is said to be martingale type p (1 < p < 2)if there exists a finite
positive constant C such that for all martingales {S,,; n > 1} with values in X,

o0
sgI;EHSan < CD B[Sy — Spll”-
nz

n=1

[t can be shown using classical methods from martingale theory that if X is of martingale type p, then
forall 1 < r < oo there exists a finite constant C such that

ES&E’HSHHT <CE (Z |[Sn — Sn—lﬂp) :

n=1

Clearly every real separable Banach space is of martingale type 1 and the real line (the same as any
Hilbert space) is of martingale type 2. If a real separable Banach space of martingale type p for some
1 < p < 2then it is of martingale type r for all r € [1, p).

[t follows from the Hoffmann-Jergensen and Pisier [4] characterization of Rademacher type p
Banach spaces that if a Banach space is of martingale type p, then it is of Rademacher type p. But
the notion of martingale type p is only superficially similar to that of Rademacher type p and has a
geometric characterization in terms of smoothness. For proofs and more details, the reader may refer
to Pisier [10, 11].

Definition. Let 0 < p < 2. We say that a collection {V;;;1 <i <m,1 <j <n} of mn random
elements taking values in a real separable Banach space X satisfies the maximal Marcinkiewicz-
Zygmund inequality with exponent p if

p
k l m n
E max ||Y 3 Vij|| <CY Y BIVilP, 2.1)
I<i<n ||i=1 j=1 i=1 j=1

where the constant C is independent of m and n.

It is clear that for 0 < p < 1, every collection random elements {V;;;1 < i <m,1 < j < n} satisfies
the maximal Marcinkiewicz-Zygmund inequality with exponent p. Now we provide an example of a
collection of random elements {V;;;1 <1i <m,1 < j <n} taking values in a real separable Banach
space X that satisfies the maximal Marcinkiewicz-Zygmund inequality with exponent p in the case of
l<p<2

Example. Suppose that {V};1 < j < n} is a collection of n independent mean 0 random elements
taking values in a Rademacher type p (1 < p < 2) Banach space. Then there exists a constant C' such
that

p

E[N vl <X EvP.
j=1

j=1
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MARCINKIEWICZ-ZYGMUND TYPE LAW 339

This follows from the following observation. If we set Vi; =V; and Vj; =0 for all 2<i<m, 1<
Jj <mn,then{V;;;1 <i<m,1 < j < n}satisfies the maximal Marcinkiewicz-Zygmund inequality with
exponent p by the definition of the Rademacher type p.

Random elements {Vj,,;m > 1,n > 1} are said to be stochastically dominated by a random
element V if for some constant C' < oo

P{|[Vinll > t} < CP{V|| > t}, t>0, m>1, n>L1

Denote dj, be the number of divisors of k. The following lemma can be found in Gut and Spataru [7]

or Gut [8].
Lemma 1.
n dk; B -

> = O(n" " 7logn) (v<1), (2.2)

k=1

= dy log i
— = —_— 1). 2.

- O((z’+1)’v—1> r>1) (2:3)

k=i+1

3. MAIN RESULTS

With the preliminaries accounted for, the main results may now be established. In the following we
let {Vinn;m > 1,n > 1} be an array of random elements in a real separable Banach space X.

Theorem 1. Let 0 < p <2 and {V;;;i >,j > 1} be an array of random elements that satisfies
the maximal Marcinkiewicz-Zygmund inequality with exponent p. I}

ElV;; ||
RPIRLTER
=1 j=1

for some a > 0 and 3 > 0, then

1 m n
Q—BZZVMHO a.s. as mVmn— oo (3.1)
menT i i3
and
1 m n
a—ﬁZZVinO in L, as mVn— o0. (3.2)
menT ST i3
Proof. Set
m n
=22 Vi
=1 j=1
and
Smn 52k2l
T = 2’6<I}n13§k+1 monp B 2kagls ||
2l <m<al+1

First, we prove (3.1). For arbitrary ¢ > 0, by the Markov and maximal Marcinkiewicz-Zygmund
inequalities with exponent p we have

0o 00 S
2k ol
ZZP{‘ 2ka9glp } Z 2ka2lﬂ pep El[Soro|[P
k=1 1=1 k=1 1=1
0o oo 2k ol
ENVillP
2.2 (o) pEpZZEHVwH“—ZZ L
=11=1 i=1 j=1 i=1 j=1
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340 DUNG et al.

[t follows by the Borel-Cantelli lemma that
. SQle
P FRagl?
Again, let € > 0 be arbitrary, from the maximal Marcinkiewicz-Zygmund inequality with exponent p we
obtain

P{|T| > ¢} < P{HSzkle 2} Lp max || Smnl| f < P{||S2k2l|| > %}

=0 a.s. (3.3)

ka9l 2k <m<2k+1 manp 2 - ka9l
2l<n<2l+1
|Smnll _ € Qkaglf ke glfc
— » <
TP kags g (S P 1Sl > Py max, [1Smell > —5
2l <p<al+l 1<n<2l+1

ok

2P 2P
= (2ka2lﬂ)pspE”SQ’@”p * (2kazlﬁ)p5pE i [1Smnl[” < (gkagw Pep Z ZE”Vw”p

1<n<2l+1 =1 j=1
2k+1 2l+1 2 k+1 2 I+1
E|Vi[IP E|Vi;|P
2ka21ﬂ Pep Z Z E||V2]||p =~ ZZ Qkazlﬁ EP Z Z 92(k+1)a9(+1)8 )
=1 j=1 =1 j= 1 =1 j=1
O~ ElVylP
ij
= ep Z Z (2(k+Da(+1)8)p
From this we obtain
2k+1 2l+1 0o 0o
c BVl P c B[P _
ZZP{ITml >e}p < Zzg_p (20+Dan+1)5 QZZ CIEE
k=1 1=1 k=11=1 " =1 3:1 i=1 j=1
Again by the Borel-Cantelli lemma, we have that
lim Tkl =0 a.s. (34)
kVIi—oo
Note that for 2 < m < 25t1 and 2l <n <2t
[[Smnll _ Skl [[Sgratl| ||:Sgkat]|
manﬂ manﬂ " 9ka9lp oka9glf — < T oka9lB ’ (3.5)
and so the conclusion (3.1) follows from (3.3) and (3.4).
Next, we will prove (3.2). Since convergence of the following series
co 00 co 00 ok ol EHV Hp
LAlVig 1~
ZZ 2ka2lﬁ B||Sya|” < ZZ Qkazzﬁ ZZEHVWHP < CZZ (1050 0,
k=11=1 k=11=1 i=1 j=1 i=1 j=1
we get
lm B Skl 1y (3.6)
kvi— 2kagls ' ’
On the other hand, we have that
P || Soror| [P C
p mn 272 p
B = OF 2250 |[mmons || + P (groamy = Gragmyp? | 22, 1Smoll
2l <m<2l+l 1<n<ol+1
C 2k+1 2l+1 2k 2l
+WE||S2k2l||p 2ka2lﬁ Z ZEHVUH + 2ka21ﬂ ZZEHVUHP
=1 j=1 =1 j=1
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MARCINKIEWICZ-ZYGMUND TYPE LAW 341

k+1 ol+1 9k+1 ol+1
B[Vl S E||Vy P E||Vll”
< CZ; z; 2ko¢2lﬁ +C Z Z 2(k+1 ao(l+1)8 <C Z; Z 2(k+1 ao(l+1)8 )
i=1j i= i j=1
This implies
S0 SNy BV = o BV P
i —“hnrylt
2.2 BTl <3 3 O ) mamagtens ZZ 9
k=1 I=1 k=11=1 =1 ]=1 i=1 j=1
Hence we have
hm E|Tkl‘p = 0. (37)
kvi—
It follows from (3.5) that for 28 < m < 2k+1 2l < < 20+1
S p Sorgr [P
mn < CEI|T..IP E|l—=22
| <cnitup + 08 [
Thus, the conclusion (3.2) follows from (3.6) and (3.7). O

In the next two theorems, we obtain the Marcinkiewicz-Zygmund type law of large numbers for
double array of random elements.

Theorem 2. et 1 <r <p<2 and {Viyn;m >1,n>1} be an array of random elements
that satisfies the maximal Marcinkiewicz-Zygmund inequality with exponent p. Suppose
that {Vyn;m > 1,n > 1} is be stochastically dominated by a random element V such that
E|V|["logT ||[V||" < 00 if 1 <1 < pthen

1 m n
(mn)l ZZV’J — 0 a.s.andin L, as mVn— oo. (3.8)
" i=1 j=1

Proof. Let F be the distribution of ||V||. Set
1 1
), Vi = Vi I(|Vijl| > (i4) 7).
dp
kr (i+1)F 17

Viy = VisI(IIVij1] < (i)

Applying the equation (2.3) of Lemma 2.1 with v = g we obtain Y 7,

we have

kT (i41)*
EH "< ci di /mde(a:) < ci i 3 / aPdF (z) (3.9)
- kv J -« kv ’

=1 j=1 k=1 1=0 \k=i+1 1
1T
(i+1)7
1
<C Oglp / 2P dF ()
- B
P (i4+1)r

< CE|[V|["log™ |[V]|" < oo.

1
On the other hand, applying the equation (2.2) of Lemma 2.1 with v = L we obtain > p_, Z—i =

O(nl_% log n). Hence we have the following inequalities

ZZEHV”H Czdk/lldF <C 2 <§k:d) / |z|dF (z)

=1 j=1 i=1 "
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(i+1)7

<O i Hlogi / 2|dF(z) < 0/ [ log* 2] dF (x) < CE||V|[ log™ ||V < oo.
=1

3=

This implies that
E H V”H”

ZZ . (3.10)

=1 j=1

(3.9) and (3.10) yield

ZZ EH VmH

=1 j=1

1
Applying Theorem 3.1 witha = g = S we obtain (3.8). a

Theorem 3. Let 0 < r < 1. If {Vipn;m > 1,n > 1} is be stochastically dominated by a random
element V such that E||V||"log™ ||V||" < oo, then

1 n
(mn)l ZZVW—’O a.s. and in Li as mVn— oo. (3.11)
" =1 j=1

1 log ¢
Proof. By (2.3) of Lemma 2.1 with v = — we obtain 3~7, . Z—]f =0 (%) Hence we can
r v

. 1 9
i+1)r
show that
ZZ : { < E|V|["log™ [[V||" < 0.
=1 j=1 7
1
Applying Theorem 3.1 witha = 3 = S we obtain (3.11). O

In the next sections we present corollaries to the theorems.

4. MARTINGALE TYPE p BANACH SPACE CASE

The fact the a collection of a martingale difference random elements {V;;;1 < i <m,1 < j < n} tak-
ing values in martingale type p satisfy the maximal Marcinkiewicz-Zygmund inequality with exponent
p, follows from the lemma below. We denote Fy; the o-field generated by the family of random elements
{(Vijii <korj<l}, Fiq = {0;Q}.

Lemma 2. Let 1 <p <2 and let {Vi;;1 <i<m,1<j<n} be a collection of mn random
elements in a real separable martingale type p Banach space with E(V;j|Fi;j) =0 for all 1 <
i<m,1 <j<n.Then{Vi;;1 <i<m,1<j<n}satisfies the maximal Marcinkiewicz-Zygmund
inequality with exponent p.

Proof. The conclusion (2.1) is trivial in the case of p = 1. Hence we consider the case of 1 <
p <2 Set Sy = Zle 23':1 Vii, Y1 = maxi<g<m ||Ski||. If o7 is a o-field generated by {V;;;1 <i <
m,1 < j <1} then for each [(1 <1 < n), oy C Fj4q for all ¢ > 1. This implies that E(V; 41]07) =
E(E(Vi41|Figga)lor) = 0.

Thus, we have

k
E(Sk+1l01) = E(Ski|or) + ZE(Vz‘,Hﬂal) = Skis

i=1

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol. 30 No.4 2009



MARCINKIEWICZ-ZYGMUND TYPE LAW 343

that is, {Sk;, 07; 1 <1 < n}is a martingale. Hence, {||Sk||,01;1 <1 < n} is a nonnegative submartin-
gale for each k=1,2,...,m. By Lemma 2.2 of Thanh [13] it follows that {Y;,0y;1 <1 <n} is a
nonnegative submartingale.

Applying Doob’s inequality (see, e.g., Chow and Teicher[1, p. 255]), we obtain
P
E < max ||Skl|lP | =F (max Yl> < CEYP. (2.2)
e tsisn

On the other hand, since E(V;;|F;;) = 0 we have that {Skp, Gr = Fi41,1;1 < k < m} is a martin-
gale. Thus

EY} = E max ||Sg,| <OZE||ZVM||” (2.3)
k=1 7j=1

Note again that for each k(1 < k < m), {Zgzl Vijs Okt = Fri+1; 1 < 1 < n}isamartingale. Hence,

EH;%HPSE&&X HZVMHP<CZEHVMHP (2.4)
]:
Combining (2.2), (2.3) and (2.4) we obtain (2.1). O

The following theorem characterizes the martingale type p Banach spaces.

Theorem 4. Let {V,;m > 1,n > 1} be an array of random elements in a real separable
Banach space X. Then the following two statements are equivalent:

(i) The Banach X is of martingale type p.

(i@) For every double arrays {Vy,n;m > 1,n > 1} of random elements in X with E(Vn|Fmn) =
0forallm >1,n > 1, the condition

EllVinnllP _
Z Z manﬁ

m=1n=1

for some o > 0 and 3 > 0, implies that

1 m n
manﬁZZVinO a.s. as mVn — 0.
i=1 j=1

Proof. First we prove [(i) = (i4)].
The case of 1 < r < p <2 follows from Lemma 5.1 and Theorem 3.1. Hence we only prove for the

d log i
case of r = 1. Applying (2.3) from Lemma 2.1 with v = p, we obtain 72, k:_f? =0 (%).

Hence we have

k
E ‘E © < @B V;;/- P 00 d
35 BV BV o § S BIP  § [ gy
=1 j=1 i=1 j=1 (Z]) =1 ,
0 00 d (i+1) 1) 1 . (i+1)
k 0gi
=¢ (Z ﬁ) / b (@) < Z (i+1)p 1T / aPdF (z) < CE||V||log" |[V]] < oo.
=0 \k=i+1 i /
By Theorem 3.1 witha=p3=1
1 I
%ZZ |-E]))—>0 a.s. as mV n — 0.
i=1 j=1
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344 DUNG et al.

Next, for arbitrary e > 0,
i+1

SOS P > e) < i PV > &) = i(gdk>/

=1 j=1 k=1 i=1 ;

(z) < CE||V|[log™ |[V]] < 0.

\-i-

< C’Zzlogz

Hence by the Borel-Cantelli lemma

m n

1
=1 j=1
Finally, by the identity
1 m n B 1 m n , 1 m n Y 1 m n "
ran 22 2 Vi = o 20V~ BVAIE) + 20 D Vi Tn D D BV,
=1 j=1 =1 j=1 =1 j=1 =1 j=1
it it enough to show that
Z Z (Vij|Fij) =0 as. as mVn— oo. (4.4)

The proof of (4.4) is the same as that of 371, 37", [E(X;|Fi;) — E(X[|Fij)] — 0as.asmVn — oo
of Hong and Volodin for p = 1 (pp. 1139—1140) with noting that

IE(VEIF)I < E(IViIIIFy) < 2B(IVIH(IVI] > )| Fj),
and we use [|V/]|| and||V|| are instead of | X}}| and | X, respectively.

Now we prove [(ii) = (7)]. Assume that (i7) holds. Let {W,,, G,,;n > 1} be an arbitrary sequence of
martingale difference in X’ such that

00
El\W,||P
npP

n=1
Forn > 1, set
Voo =W, if m=1 and V,,,=0 if m>2.

Then {V,,,;m > 1,n > 1} is a double array of random elements in in X satisfies E(Vj|Finn) = 0 for
allm > 1,n > 1, and

E||Vinl[P E||W,|]P
ZZ IImn I Z IInpll < o

m=1n=1 n=1
By (i),
1 m n
—ZZVU_)O as. as mVn— oo.
mn
i=1 j=1

Taking m = 1 and letting n — oo we obtain

1 n
—ZWj—>0 as. as n — oo.
n “—

Then by Theorem 2.2 of Hoffmann-Jgrgensen and Pisier [4], X is of martingale type p. O
The next corollary follows from Theorems 3.2 and 3.3.
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MARCINKIEWICZ-ZYGMUND TYPE LAW 345

Corollary 1. Let 1 <r <p<2 and X be a martingale type p Banach space. Suppose that
{Vinn;m >1,n > 1} is be stochastically dominated by a random element V such that
E||V]|" log™ HVH’“ <ocoifl<r<p

ZZ Vij — E(Vij|Fij)) = 0 as. and in Lr,asmVn— oo.
=1 j=1

7.

5. RADEMACHER TYPE p BANACH SPACE CASE

The fact that a collection {Vj;;1 <i¢<m,1 <j <n} of mn independent mean zero random el-
ements spaces taking values in Rademacher type p satisfy the maximal Marcinkiewicz-Zygmund
inequality with exponent p, follows from the following lemma. For the proof we refer to Lemma 2.3.
of Thanh [13], while it is obvious.

Lemma 3. Let {V;j;1 <i<m,1 <j <n} be a collection of mn independent mean 0 random
elements in a real separable Rademacher type p Banach spaces. Then {Vj;;1 <i<m,1 <j <n}
satisfies the maximal Marcinkiewicz-Zygmund inequality with exponent p.

The following theorem can be proved in the same way as Theorem 4.2 and hence we omit its proof.

Theorem 5. Let {Vy;m > 1,n > 1} be an array of independent random elements in a real
separable Banach space X. Then the following two statements are equivalent:

(i) The Banach X is of Rademacher type p.
(ii) For every double arrays {Vy,,;m < 1,n < 1} of independent mean 0 random elements in

X, the condition
Z Z E‘L‘/;B]H
i=1 j=1 (i
for some a > 0 and 8 > 0 implies that

m n
E E Vij—0 a.s. as mVn— oo.
i=1 j=1

manp

Note that the above result is more general than Theorem 3.1 (necessity part) of Rosalsky and Thanh
[11].

An open problem. A relatively interesting case » = 1 is not considered in Theorem 3.2, while we
propose that the result remains true in this case.
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