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By

A L VOLODIN (Kazan)

Abstract. We yield new laws of large numbers for weigheed
sums of random clements laking values in Danach space with the
help of the Heinkel's and Pisiar's weak [, exponenlial mequali-
ties [6].

Exponential bounds (sec the table given in LG6]) arc an important
tool in proving limit theorems, We use the weak [, exponential bounds in the
proot of the laws of large numbers (I.LLN) for weighted sums of random
elements taking values in Banach spaces. With the help of Pisier's inequalily
([6], Proposition 1.1, and [13], Lemma 2.7} we cxamine the Strong LLMN for
certain random elements with values in an arbitrary Banach space and with
the help of Heinkel's inequality ([6], Theorem 3.1) we prove the LLN with
respect (o complete convergence in Banach spaces of type .

Same results of this paper were announced in [15].

Let £ be a separable real Banach space. Tn Lhe sequel we shall distinguish
the notions of random element (taking values in a Banach space) and random
variable (assuming valucs in R). A random variable ¢ is said to be a Bernoulli
random variable if P{e =1} = Ple — —1) = 1/2. Let (X)... he indepandent
random elements and e = {u(n}: 1l <k <n, neN} be a triangular array
of real numbers which in the sequel will be called a weight. We call
s :_1ah{n}a¥h a weighted sum of random clements and § =5, _ X,
the wnweighted partial sum of random elemenis. If (X)), ., are independent
copies of the random clement X, then we use the notalion T0X) and & (X).
respectively.

In the sequel we shall require the following condition vn our weight a:

(A} There exist 4 >0 and p < 2 such that

max iy ()| = An~NE
k&

for all sulliciently large neN.
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Let | <5< oo be miven and let (b=, be a sequence of real numbers.
Let us set
[ fbh:lh % ral-.'..uc. = mHx JI"”.\h?:'.
k=n
where (b#).., is the non-increasing rearrangement of ((helkz,. For a random
varable £ let us put

AL = (sup P PYJE] = (DM
>0

To facilitate the formulation of the first theorem we introduce the random
element X = %, %, {in which the series converges almost surely), where (x;)
is a non-random seguence of elements in F and (y) is a sequence of
independent random variables. Note that we do not require that the sequence
(1,) be identically distributed. We should mention that Martsak [11] proved the
central limit theorem for such random elements.

Denote by f, the symmelric random variable for which Lthe absolute value
has the Weibull distribution with parameter g > 0, that is, P{If | > 1}
=expl—17) and let (ff, k=, be the independent copics of i,

Tueorem 1. Let X =Y nx, and assume thal the weight a satisfies the
condition (A). If there exists 5 2 > s> p, such that

(1) W=Y_" B,.x converges as. for 1jg+1is =1,

(2) A lsupss nl) < oo,
then T(X)—0 as as nm— @,

We need some lemmas in order to prove oul first theorem. In the sequel
we shall use the same notation as in the formulation of the theorem.

Lena | If W=7 F,.x converges as. then it converges in L,(E).

Proof It is sufficient to show (hat Wel (£) ([14]. the Corollary to
Theorem V.3.2). It suffices o prove the following inequality for all ¢ 0
(sce [14], Theorem V.5.1)

| BB = ™ hdu = CEPIB,| > 1),
3

where the constant C dees not depend on & In the particular casc of i, being
4 Weibull random variable this inequality can be rewritten as

i
[exp{ —wiuer du < Cifexp{— t%).

Even a more precisc uslimation, Le.,

(1) [ expl —uu"" ' du < Ce " exp] —1"},
T
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holds since
) 7= exp{— 19} < '~ exp E"‘J( 155 )

and p-<2<g The terms of this inequality are the derivatives of the
corresponding terms of (1) with the opposite sign, Hence (1) follows from (2)
after the inlegration of (2) on the hall-line (t, ). =

Pismir’s NEQUALLYY ([6], Remark alter Proposition 1.1; [13], Lemma 2 T
Let 1 <05 <2, let g be the conjugate of s, Vg4 Lis =1, fbh] pen = R oand et
(e isn be independert Bernoulli random variahles. Thcm, for k, = glg—2)2,

4| Z By = } < 2exp] £k, | By rir:-la.-;_}g}-

The next lemma is only a reformulation of Pisier's inequality.

LEmMma 2. Lot E—Z: Vi and v = (b e en s o f where (B <, = K.
aned let (2.} be a sequence of md: pendent. Bernowlli random variahles, Then, for
any =10,

Pl >0} < 2Pk v > ).

Let (#;4)x=, be independent copics of the sequence (y,). We intraduce the
random variables u(i, 8, m) = I e olls oo

Lemma 3. Let o, be a sequence of sywunelric random variables, let

1) @

Xy= Y max, and Y=Y flpl s n)x,

i=1 i=1

Then the inequality

E|Y X | sCE|Y|*, where € =22k
A=
holds.
Proof First consider the case w,, = &y, where b..eR and &, ; are
independent Bernoulli random variables. Write

M
n= Z by ey and Wji-= .ﬂr,.,s 790 T |
=1

It follows from Lemma 2 that P{|r,| = th < 2P e |v| = ¢} for all ieN. Using
Theorem V4.5 of [14] we conclude that

rI|}: X||F-—f'|‘§ rx|"-¢-’?“‘“k"’£‘||lw I =GR

i=1
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The general case follows [rom this by a standard procedure. Replace the
symmetric random variables , by the rapdom vaniables n,e, which have the
same distributions. Here ¢, are independent Bernoulli random variables which
are independent of #,. The left-hand side of the inequality fram Lemma 3 s
averaped by g for fixed i,. Finally, by applying Fubini's theorem we obtain the
conclusion {se, cg, the proof of Lemma V.21 in [14]). =

MNote, mareover,

KwAPIEN'S INEQUALITY ([14], Lemma V4.1 (1)), Let (X)), <, be independent
symmetric random elements and (<, = R Then for any £ =0

P{| X buX,] >t} <2 ‘{mahﬁ'ﬂ | Z Xy| =t}
E=1 k=1
Proof of Theorem 1. Consider at first the case of symmelric 5,. Let
X, =Y _ m.x be independent copies of X. Applying Kwapiei’s incquality
we see Lhal

PUITAON > sf < 2P1S,(X)/mazlayinl > c} < 2P (15,(X)) /0" > 574)

by the condition {A). Hence it is sufficient to prove that S (X)in"® =0 as, as
n—oo. Let Z,=3_ mx; and Zy, =Y, % be independent copics
of Z.. By Lemma 3 and Hoffmann-Jorgensen’s inequality {[14], Section V.4,
exereise | (a)) we obtain

E|S (X —Z )" lr||@'-:=£‘E|Z Boptiis 5, m)|¥in

iz

< C2PE(sup uli, s, m)"E|| Y, fly,x]"in

iE1 i
Mote that from Lemma 1 we ohlain
B Y fgex]” -0 as m-— oo
P=m
Furthermaore

w

Efsuppuif, s, n))" < (14 | P{sup i olls.e = t}di")

Pl 1. i
L | 4 2en j (A (supnits)de®
Y
by the Marcus—Pisier result ([6], Proposition 2.2; [13], Lemma 4.11). Since
5= p, we have
Efsup pli, s, .ré.}}pfn. = CA (supfgl+ 1.
izl el

whence sup, E||S (X —Z )n'?|P =0 as m— oo,
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Note that the random veclor Z, takes values in the finite-dimensional
space Span(x,..... x,}. which has the type p (see the definition below) and
A Zall) = o sinee A (supys |yl < w0 and s> p, Then S,(Z )n'" 50 in
probability as n — 20 (see [107], Theorem 3.1). From Lemma 3.6 of [12] we may
conclude that S (X)/e" —0 in probability as n— oo,

If X is an arbitrary, not necessarily symmetric centered random element
which satisfies the hypotheses of Theorem 1, then its symmetrization X¥* also
satisfies the hypotheses of Theorem 1. Consequently, by Lemma V.34 ()
of [14] we obtain

SUp E | 1(X —Z, n'"| < 2sup E| T(X*—Z }n'#| >0  as m— o

It remains to refer to the above-mentioned resull of Norvaisa ([12], Lem-
ma 3.6). So, S,(X)n'" =0 in probability as n— .
Mote that, by [2]. Theorem II1.2.14, and our Lemma 1,

E|X|F < CE||W|" < .
where
C=4"E(suply)"(EIE]) *  and  E(sup|y|)® < oo,
# ]

Consequently, by [3] we have S (X)n'F >0 as. =

Now we shall relurn to the study of LLN with respect to complete
convergence.

The sequence of random elemunts (Y.} converges completely to zero if for
all &> 0 the series Y, P{| Y| > &' converges.

This definition was ultloduced Iv Hsu and Robbins [7], where it was
shown thal the sequence of arithmetic means of independent and identically
distributed random variables converges completely to the expecled value of the
sums whenever their variance iy finite. The converse was proved hy Erdis [4].
This result was generalized in various ways and we can refer to papers of Adler
[1], Gut [8] and Klesov [9] for further information. The Banach s [ECE
situalion was examined by T.-C. Hu et al. [8].

Recall (sce [13]) that a Banach space E is said to be of Rademacher type
p (l=p=2) il for any sequence (x) = £ the convergence of the series
Yery Iz ® implies the as, convergence of series Y s FuXg Where z, arc iid,
Bernoulli random variables, Analogously, a Banach space E is said to he of
stable type p (1 < p < 2) if for any sequence (x,) = E the convergence of the
serics Y - || implies the as. convergence of serics Zk—| Y Xy, Where v, are
iid. p-stable random variables with characteristic funclion expi —|e}

For a Banach space E let us set p(£)} = sup{p: E is of stable (ype p}. Two
facts are well known (see [13]):

(1} the interval of stable typus is opened, that is, if £ is of stable type p < 2,
then p(E) = p;
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(2) the interval of Rademacher types is closed, that is, £ is of Rademacher
type plFEL

We shall say that the sequence of mndum variables (X,) is erorhﬂsrfmﬂ}'
dominated by a positive random variable £, and we wrile (X)) = & if for
any >0

supP{IX |:= 't} & PEE 1)

Far the proof of the next theorem we need

HEINKEL'S INEQUALITY (see [6], Theorem 3.0) Let (X)) be independent
symmetric random elements with values in the Banach spuce F owith p(E) = |
| < 5= p(E). Let g be the conjugate of &, ie. 1ig | lis= 1. Then there exist
positive constants L = L(s) and M = M(s, p(L)) such that, for all t =0 aud
&=,

P18, = &} =< P{{|(1 X Desnl

Hom o f-} + M exp | — L{s1)%}.

At this time we inlroduce the class of random variables 4, = [&:
ElZ"T< 13.

Mow we can formulate the law of large numbers with respect Lo uniform
variant of complete convergence.

Tueorem 2. Let £ be a Banach space of stable type p (1 < p =20, of

independent, symmetric random elements (X)) < & ond weight a satisfying the
condition (A). Then, for ol r = 2pp(E)/[p(E)—1] and & > 0,

sup ¥ Pl =) <.
Gade n=1
Proof. Fix w such that r = u = 2pp(EV[plE)— 1], Lel v = 2/u. MNote that
r=2e and o< Ujp—1/plE). Fix some & so thal p< s p{P} salisfving
v 1/p—1is < 1/p—1/p(E), that is, 1/p—1/s—v = 1.
MNote that, by Kwapiefn's inequality,

PUL = e} = 2P {max |a (0)] |5, ]| = &} < 2PT||8, | fnt? = uid),
k<n

Hence it is sullicienl (o prove that

o
SU E PIIS = pplie b0 a8 N = x

fodpn N
Set l’i' n = X jl' | " X ﬁ.ll = n'p oand I" (Z;: 1 r.ll:.Jl}l'llan P Rinee
(15,19 5 5} {117 < s (5

it follows that

i an

Z P{”""" HHP' = F Z P{l I"ru" = H} i Z P{Sm‘:”“p 7 I‘ITNI' w Z.:-'+E:r'
RN

=M =N
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We estimate each of the sums }_;. and Li separately. First note that hy
Heinkel's inequality with © = p** 171 we have
PUUN > ) < PUXG 0 Pl > 081100}
+ Mexp]—L{zn ™07 L1 Lipgal

Note that the first lerm on the right-hand side of the last inequality is equal to
zero if

(ka0 )l <5 X K10 s et i i,
LEn
S0 PIIU,| =¢ = Mexp{ - Le™™), where w = g{lip—|is—1) = 0. Then
" 1 P 4 ¢ f l
1 :
YusM Y expl—Lefnl =0 for N — .
a=N

Mext observe that

Li = E P{Sn,"‘!ﬂ:‘ﬂ A L.'"'JI. = E E P“Ufk" - H"_}
n=N r—Xk=1
o s & .
£ Z nPié = n'l < L i L P[k g ol < k41
= neEN k=g
ik ; k an
< Y Ph<EP<k+ 1} Y nsCY BPlk< v gkt1)
=N n=1 k=N

< CEE¥I{E > N} € N TEE < CNY ™" 50 as N—o o
whenever ¥ > 2/p. =
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