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On a Hsu-Robbins-Erdds law of large numbers
o E =

Andrei LiVolodin' g5 -KAZE AWM

We extend and generalize some recent results on complete ronvergence fur arrays
of rowwise independent rundom variables, In the maln result, no assumptions
are made coneerning the existence of expected values or absolute moments of the
randow vartubles, Some well-known results frum the literature are nbtained wusily
as raroilaries,

The concept of complete convergence was introduced by Hsu and Rohbins (2 ay
follows. A sequence of randon varlables {Ua.n =1} is sald to converge campletely
tooa constane O 6f

Y Pilta - €5 e} < 0
n=l

forali e =0,

It view of the Borel-Cantelll lemma. this implles that Iy, — ¢ almose surely
w5 ). The converse is crue of the (U0 > 1} are independent, Hsu and Robbins
[2] proved that rhe sequence of arithmetic means of Independent and identically
distributed (1.id.} random variables converges completely to the expected value
if the variance of the sumumands is finite. Erdés {1} proved the converse, The
Hsu-Robbins-ErdSs result may he formulated as follows,

Hs=u—RReobbins-Erdés Theorem, IF{X. Xon =1} are 1.0.d. random variahles,
then L 570 X couverges completely ta 0 if and paly f EX = and EX? < o,

This result has been generalized and extended In several directions (cf. reforence
tn [4fk. Our work is devoted to an extension of the Hsu—Robbins-FErdés thearem
lu general arrays of rowwise independent but not necessarily tdentically distributed
rundom variables, It unifies and extends the ideas In previgusly ohtainaed results,
Versions of those results can be nbtained from our work as simple cornllaries,

Theorem. fer (Xl <k <k n> 1} be an array of rowwise independent
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randony variables. Suppose that

sk
Z EP{!IM > e} oo foralle0,

1= k=1

there exist p = 1.J > 2, and § > 0 such that

S L, Py o
> (E 31X e {1 Xt :_-,5}|=] ) <%,
nol g |
and )
S EXaal{|Not| €8) — 0 asn — .
e
Then

i {IZ.L.,'I .:-r} < oo forale>0.

‘The Theorem is generalized to Banach space setting in (4]. Corresponding con-
vergence rates are established tn [3] and [5]. This s a part of my Jolne work with
Vrofessor Tien-Chung Hu (Tsing Hua University, Taiwan), Professar Andrew Ro.
salsky (University of Florida, US.AL), Professor Soo Hak Sung (Pal Chal Universicy,
South Koren) and Professer Domintk Szynal (Marda Curie-Sklodawska University,
Polaad).
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