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ABSTRACT

We generalize the notion of the B-conves space and study the strong laws of large numlers
fur weighted sums of rmodom elements in this context., The idea belind the generaliza-
tion is similar to that of changing the power funclion in the definition of convexity for
an arbitrary function ¢ with some additiona! wiuor conditions. B-convex spaces arc
characlerieed by the lows of large numbers for weighted sums, while the convex spaces
known hefore were characterized by Lhe Marcinkiewics laws of large numbere. We study
conditions for generalized spaces to be of stable Lyps

L INTRODUCTIOMN

First we introduce some notation. Throughoul the arficle & is a real separable
normed space, B(£) — (z € B: [z < 1} is the unil ball of &, (X,)1" is a sequence
of independent symmetric random elements with values in £, 5, = by X and
the svimbol © denotes a finite positive constant which 1s not pecessarily the same
i cach appearie,

A sequence of random elements (X;) is said to be stechastically dominated by a
positive random variable § {we write (X)) = £), if there exists a constant © = [
guch Lhul, for all £ 20,

| =t} < CP{£ = t].

KN
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Recall the notions of Rademnacher and stable types of a Banach spuce, We say
that ¢ is a Bernoulli random varisble, if P{e — 1} = P{z = —1} = 1/2. Let (&)
be A soquonce of indopendent Bernwulli rendom variahles and (vi),1E£2p<? be
a sequence of independent standard p-stable randem variables with characteristic
function exp{—|£]"}. ' 7

If for any sequence (z,) C E the vonvergence of the series Yoot k|| implies
the a.s. convergence of the serics 3 5 | th#, then the Banach spave IV is of
atable fype p,1 < p < 2. If for any sequence (2;) € F the convergence of the
series 55e | [lmg||” implies the a.s. convergence of the series 307, 4z, then the
Banach space F is of Rademacher type p,1 < p < 2. Additional informulion on
type p can be found in {Pisier, 1990),
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Let us sy soane words on the history of the question. A. Beck {Beck, 1962) intro-
[ duced the nolion of & B-eonvex Banach space and proved Lhe strong law of larpe
' numhbers chirieclerizing these spares. 13 Mavrey and G, Pisier {Maurey and Pisier,
1976 ) studied the eonnection hetween notions of the B-convex space and a space of
stable type 1. AL SBhangua (Shangua, 1978) introduced the notion of & B-convex
space which is u generalization of the notion of the B-vonvex space and gave their .
characterizulion in terms of the Marcinkiewicz strong law of large numbers. Nate
that M. Muarcus and W. A Woyczynski (Mareus and Worezynski, 1978 ohtained
2 characlerization of spaces of stable Lype p by the Marcinkiewics strong law of
barge nuinbers which is analogous to Shangua'’s Theorem bt withoit introducing
the nolion of Bp-eonverity. The sune in more detail iz as follows,
Let 1 £ p< 2. A Banach space E is said Lo be Bp-conves, i there exist an = > 0
aned sz dnteger & > 2 such that for all o,,...,2: & B{F) it is possible to choose
the signe + s that Lhe inequality | |5, +--- 2oy < (1 .:]Fr”" holds.

THUEOREM (M. Marcus, W. A, Woyezynski, and A.Shangua). Let 1 = p < 2,
The following statements are cquivalent:

(L) E isof stable type p.

(2 .ﬁ',”n'nlf? — 0 a5 for any independent centered random elements (X)) snch
that (X} = £ and E|&|" < oo

(3) Fisall, convex space.
H we replace the condition of stochastic domination of (X)) in Lhe stetement
(2] of the Mareus—Woyesynski Shangua Theorermn by the condition of identity of
distributions of (X ), then we obtain a characterization of spaces of Rademacher
type p (Azlarov and Valodin, 1982; Avosta, 1957 ).
Hote that the problem of characterization of type p spaces by the convergence of
weighted sums was treated by T, Mikoseh and 1. Norvaisa {Mikosch and Norvaisa,
LOBT, Theorem 3.2). The result of T. Mikesch and R Norvaisa is of particular
nterest,
Let (wn,ae) be & sequence of real numbers such that Lty e 8, — oo and
Lively o Wi Sy, = 0. We lntroduce the class -

n T kT wy,
Flo= e, ay): Z—an ={) = ag ko — ooy

n=k

Consider weighted sums £, — a7 E:m 1wy Xy, wheee (X ) are independent aym-
metric randam elements. ' '

THEOREM (T.Mikosch and R. Norvaisa)., Let 1 < p < 2 and (w,, a,) ¢ B, for
all g = p. The following statemenis are equivalant:

{1) E isof stable type p; T

(2) Z, = 0 a5 asn — oo for all mdependeni symmetzic random cloments
() such that (X)) < € and BEP < oo

(3) Su /0" 4 0a.5. usn — oo for all independent gyinmeiric random elements

(Xi) such that (X1) < & and E£° < o,

Consider implication (2) = (8). 1L is obvious, hut it allows us to conclude (hat J _
(3] = (1) by virtue of the Marcus-Woyezynski-Shangus Tlheorem, As il can be '
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geen from (23 = (3) the validity of the law of large numbers “lur all at onee”
weights (1, a,) € Fp is reguired. We study somewhat another problem: what:
enn we say about he stable tepe, if the lsw of large numbers holils Meven for ane”

weight?

2, DEFINITION AND SIMPLE PROPERTIES OF U _-CONVEX
SPACES

Let &t be a normed space and lef o0 = {.:,.:!{Ji:} b an increasing sequence of posilive
numbers,

Definition, Tt g > 0 and & = 2, A spuce £ is said to e (g, b, &)-convex
if for all @; € B{E),1 <1 < k, we can choose signs 1 s that the meguality
[|£my £ Lme] = (1 —eke{k) holds,

A space £ is called H-connes, if there exisls an £ > 0 such thal E is (p, k)
convex for all £ & M.

Remark. If @(k) = EYP 1 & p < 2, then the class of B, -convex spaces
coineides with the class of B,-convex spaces introduced by A. Shangue, and for
(k) =k it eoincides with the class of B-convex spaces introduced by A, Beck,
Mete: some simple properties of Bg-vonvex spaces.

11 o narmed apace £ i3 (v, &, 5)-conves, ten:
°:| Farany & ¢ 01 < & < ¢ the space F is [, k, §l-convex.
Tts romnpletion is (w, &, £)-convex.
Any suhapace of £ is (@, k, £ )-conves.
Its seromd dual is (i, &, 2)-convex.
There exist p < | and & < & such Lhat, for any increasing sequence » with
¥(n) = @¥(n) for all n € M. the space E iz {x, &, 8) convex.

Proof  Note that properties 17) and 37) areevident.

2% Lt By yooey Ty hf-lnng tiv the mmplum,ut. of space &, that is, to the Banucl
space o, ||7]| "; il =i<k and § 5 0. Since I s dense in E, there exist
Ty 7g E R(E) such tha.t iz — &l < ¢k, 1< 8 < k. Sinee E is (1, k)
convex, for some choiee of signe + we have | £ 2, £ 2ol < (1 = £)eelk). For
the same collection of signa

| £F &£ Tl = ||(Lry Lo bome) + (R(E 2] £ 0 2 (HF —z)|
< {1 clelk) 4
Since 6 > 0 is arbitrary, inl4 || £ 3 & & Tl <1 -k ':,ﬂ{ﬁ::]
4") Let B — E{E} B*™ = B(E ”]I and let J: B — E' be the canonical

imbedding of B into B, Then J{B) is dease'in B"" in s-weak topology (Dunford
and ‘irhwa.rt? J.Ele Thcurun"v bl

Tet 1%, ..zp €B™, 6> 0, and let a vector 7 = = (7, ...y ) have coordinates

oy € {=1,41},1 < 1 < k. By the definition of the norm in E** for any @ there
exigts an m:_r. £ E* with |}.::"E.|| =1 and
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Comsidier o ncighbanrhand of zoro of £ defined as

Ua‘——-ﬂ{ Te k™ |{.£=_;, J{.‘i}

where the inlersestions are taken over all possible values of @ Chaose 5,
Ep € Eoso lhat J(x) e U+ 0l 1 <1< k. We have

| . |
| = <z‘EHer,-mE'> I é
'r:] | .
= <m'7_,?,zu.'~r{‘-’:-:'> + <I'E., el — .I{mi]}>‘ + 4
{ I=JI; ] i=1
E&,‘J‘..‘

il

k

, LAl
E ﬂi"T'f

=1

ol

= + k& 4 4,

Checsing &' with ||}_::‘=| mr < {1 - ehelk), we see that

&

”Zm _z - c)elk) Ak + 1),
=1

or by the arbitraciness of & = 0

I & “”

}_., +x; “ {1 —e)e(k)

=1

inf
+

B") Set

el
) = sup {i:l_f |]| 2_# = nfrly |

Trases g £ B{E]}'

The space £ is (i, k, £)-convex, il and anly if Ik} < (1 —a)e(k). Then there
exist p o< 1 and § < ¢, auch that (k) > D{E)/(1 - d). Hence for all #(k) = " k)
the space £ 1a (x, k, & )-ronvex. ‘

3. TWO TMPORTANT SEQUENCES
Consider two sequences:;
Ay sup{ming || 70 | Fze: 5, € B(E)}
* w(n) '
B, () — Sl eemel®)' " S0, [l <
¥ ”3{:;)

where (£, ) are Bernonlli random variables.
Dreseribe soune properties of these SO0 USRS,
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1} A,(n) and B (n] are the smallest numbers for which

min Eim < p(n) Au(n) oz =il
i .

E Ea;.;r,_. < p(n) Byln Lhrkﬂ
k=1

for all = € K
2 ( 1.-’2[ 1B,(n)) and (w(n)d,(n}) are increasing sequences and A,(1] =

B(1) = 1/e(l)

3)if X, are symmetrit: random elemenls, then

ol 3ox) <
k=1

) < lieln mem{nkﬂl“Bf{nnsgn:k}
F) < (e (W) eV ) BN et (A
< (e(n)fn)"* dy(n) < (B2 (12 n—p(n) Bo(n))) " —n(2

4) B,(n)
5) B.(N
) Balr)
142
1)) . M _
Proof,  Lel us pole that: properties. 1)-2) are trivial; 3) casily [ollows by
integrating 2}; 4) [ollows o Lhe definition and 3); 5) is only & pari.iuuim: case
of 4}, Now we shall prove 8), The sl inequality follows from the inequalities

iy 142 n " 1/
(F'| S e ) mumrn}(z,, e )

.i::|1 | k=1

< (me(n)' " Bo(n) ma [laa]

m]n “ }_‘ J_:rk|

For the seeond jneguality let 3 < Ba(n). Then fhere exist zy,...,x, € & such

Lhiat . ——
3 llzel’ =n and (E ) > (ne(n)) .
k=1

Let 1 <1< n. Then we have

}_,(IINII [EX0E <ZZ(IIE*II—IJ«'-|I —ERZIIMII *?(Zslikﬂ)

i=1 k=1 1

T e

——;
2 gk

k=

<2n® -2E < 2n(n a,a[n}ﬁrz]l.

Ho we have

- (;z;nmkn*)w > (iw)m gfillwkll sl

k=1

2 0 ]| - (2n(n - p(niy") .
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Thal is,
3.4 Ef
)

e izl < L+ (2n(n — win)y

Henee we lind that

/2

T Tl . 1fz

l_l_lﬂj'i " F.’”T{ '1"'?|: ,},} FE &’r’[ﬂl,ﬁ[?l]l} !
R 1 4 (an(n — p(n)

By 12 5 2y 12
) sl
| ﬂ_r . _-["
('-“ mm”ZJ:.cki + {1 —2""n ) ré::é: |rk||)

et | S —n I|r?
< (7)) (s ell) + (1 -2 n*(ma flasll”)

TE

EE];I*

k=1

Letting v — By(n} after some simple conuputalions we obtain the second inequal-
ity 8), The proof is complete,
Lel (B, | |Jﬂ} he a symumetric Bunuch space of real saquences. By this we mean
'-hllt ‘|[fa.fl||u = |it 1-“:] gy fur all permutations = of mhbr rs and if (1) € M,
then (fte]} € B. Tt is known thal symmnetric spaces are ideal, that s, if £, < 5,
Lhen |[(2e) < [(selllg- We shall use the notation (t;.j;,iﬂ far the BEUATICE
“]_.. e ,t“,ﬂ_‘lj,.. .}. Let
maln) = [[[eeal,

Tl

I8 dkgally = vyln) min [t

We shall say that B is finitely represented into £, if there exists a v < 1 such Uhat
for all n 2 2 and all (te)gen € B there exist 23 € £, 1 < k< n, such that

"F||':‘kf.'t<n|:ﬂ Efi.ﬂfk < |tk dugnll g

Prorosimion 1. I 1 (n) = win)d.(r) for all n > 2, then I is not Snitely
represented into B

Froof. I E is finitely represented into E, then there exists v < 1 such that far
all n 2> 2 and all (fy)pe, € & there exisl oy € B, 1 < & < n, such that

]
Z ﬂkm* .

k=1

?teheall, <

We can choose a collection of signs 4 such that
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Taking fen ¢y Wliis particular eollection of signz, we obtain

Taln) = winAgin)

which conlradicts the hypothesis, The proof is complele,

Lefinition, We shall say that £ is of type B if (E| -ﬁ:__lbk:r_[-il?:llfr
lClzellinenlly forall 2, € BT < & < 5

foxamples, 1)1 B = £,,1 << p < 2, then type fy is the well-known Rademacher
type p i

2) Let B = Iy be an Orlics space of sequences, where &: RY — RT iz an
increasing function. Tn this space the nonmn is defined as '

et _mr{,a_:»n Z:Ir( )

Type Iy is the type @ introduced in {Ledoux, 1981; Fazekas, 1988; Chupranav,
1991).

3) Let B = d{w,p) be a Lﬂrcniz apace of sequences and let w = (wy) is a
nuninereasing sequence of posilive reals, p > 1, In this space the norm is defined

a4 % i
”“*}”5 = (E{t;}’)nrk) ;

k=1

15

L'"'-

where (t3) is a nonincreasing vearvangernent of {([{:]). Tn the particular care of
power sequences wy we obtain Lhe type (pyg, 7)) introduced in (Norvisa, 1984).

Puoposirion 2, Let the sequence p satisfy the condition [ A) {see next Section)
and o — infwylog, o (m) If there exist £ = 0 and (7 > 1) such that Tpin) =

Cr' N then E is of type M
Froof. Let log B.'Pl:N:l < o ef2 = lor some & > 2. Then for all n we can
choose k > 1 &0 that N ' < n < AF and by properties 2) and 5) and condition

(LAY we have
i 143
N 1
#,(n) < B(N), (%) < B (N,
k
N o ; r
2 (N) o pothnloan Do) £ {;::rl Py
Wl B (]
Now let zy,... 7, € £, Split themn in groups of almeaat the same norm: Dy =
=g < n|frg(fik—1)< 2, < Srg(f(ENLE 2 1,8 = (=l Jsenll 5 and an

increasing sequence f(k) will be chosen further, Then (D) iz a disjoint partition
of {1,...,n}. If g; = #D,, then we have:

SRS

) Z g

dy 172 =
(E ) -_f_:_z(m N %
k=1 k=
14+

JEL: =
172 5
e 1% < _‘S'U-B Ft
(JE,,# L ) kf“ = Z S FIRN)

k=1

m

E Eplp

k=1
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How gp can be estimated:

= ||{“I-""J1-gn[ s = ||{||'E?“:'JFD|= & =
S0, Tage) < TBU':IF_ 1}} Sl g 2 A1), Benee
Lt Ty sk
5 Al ey f{ﬂ
(EJ %gk:rk ) i I|||:4|-¢t||j-'kgn Z rel k)

ar 1 . i
Sinee i7" fru(n) — 0 as n - oo we can choose a sequence f(k) in such a way
Uil the latter series converges, The proof is compleie,

Taige i
TPkt )

Tolgi) J%};j__jl =0l =

4. CHARACTERIZATION OF B _-CONVEX SPACES BY LAWS
OF LARGE NUMBEILS FOR WEIGHTED SUMS

Let & be a Bunach space and let (X)) be a soquence of independent, centered
random elementy taking values m B, Put

n
To= Y wmin)Xy,
k=1
where @ — (ag(n), 1 < k < n,n & N) is a triangular wrray of constants which will
be ealied a weighl, A weirht a determines the sequences
i 1

———— — and  xin) = — o ne™
<oy (] R ]

w(n) =

=0 ¥ =
andd we requnre that (w{n) )" and (x(n));" are increasing sequences,
Nuw we put the same condilions on the sequences  and x corresponding to the

welght a.

Condition (A). @(N"™) 2 "™ (N) for all Nym & ™.

Condition (B). There cxist M > 1 and £} > 1 sueh that for alln € N the
incquality s{Mn} £ Daxin) holds.

Fyr & sequence ¢ introduce the following characteristics:

p["—mf{ z-:,a ]-—-Hﬂc-}

-1

g(p) = sup {q sup ——= d’uq{nj < 1}-

nzd
The following lemma exposes Lhe connection hetween these charncleristics.

LEMma L I satisfies the condition (A), then ple) — gle) = lim, . Inn/
Ing(n).  The supremum in the definition of qlw) iz atiained, that is,

Py Thi }[ nlfn <1,

Proof 1. We fimst prove that litg, oo lnnfln '-P{ﬂ exists and is equal to q(

)-
Take any ¢ < (). Then for all n = 2ane has @"(n) < n, hence limInn/ Inp(n) >
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limln n;"(q_l lnn) = g, that is, limlan/Ine(n) = gle). Now lake any 5 = il
There exists wn N > 2 such that p(N) = N7 For all n 2N we have

ip(n) = p( N5 ") > o(lvEel ),

where [¢] is the integer part of . Applying the eondition (A) [log, n] times, we
see thal ,

i) 2 @l () 2 8 Ty 2 (Nt (e
Henee liminn/Ing(n) < E]un,.lrl:q_llnn +In N_l"f_"'] = g. That is, limlnn/

Inwln) = qle). Solim, . Inn/lne(n) = gle).
II. Now let us turn to the proof of pli) = g(yw). 1t is evident that vl = qle),

since for auy p > pli) the series 37 | 7P (n) is convergent, hence 2 (n)fn 1 oo,

Prove that ply) < g(). To do this, we show that for all p > gli) the ineguality
p 2 ply) holds. Let p > g(w). For any £ > 0 there exists an N such that
In@{n)/lnnr = 1/q{¢) —e/p for all n > N. Hence

i ',.G_PI:FE} - i n—p[ugn wind s i i -Fingln}iin

n=n u=n =M
oo co
< E p P ata)rfp) Z g Plalel e
n= M =N

Lel & > 0 he so small ilat plalw) — e > 1. Then the series E::'_lc,ﬂ'p[ﬂ} is
vonvergent, that is, p = plia), I

1L Finally we show that the supremum in the delinition of i) is attained.
Aszsume the conlrary; let there exist an % > 2 such that @l N) = alieel b 15,
@(N) = s for same s = 1. By condition (A): @{N*) 2 p*(N) = S/l
This is a contradiction:

lure In vF ; ln ¥
-5 ot SR .
T e T B vty S e GGy < 7

The Thearem i3 proved. ) { 4
The main resull of this parageaph is the following assertion.

THROREM . Consider the statements.

(1) B is of stable type p,1 < p < 2 {that is, By -convex).

(2) For wll weights a the condition Tt PlE > p(n)} < o0 implies T, — 0 a. .
far all independent symmetric random elements X with (X)) < £

(2') Statement (2) holds for at Jeast one weight a.

(3) For all the weightz a '

n
Z ap(nlersy — 0 in probubility 858 n — na
k=1

for all zp € B{E) (where ¢} are independent Bernouili random variables).

20—a24
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(3" Statement {3) holds for at least ane weight a.

L B s B ronve,
If v satislies condition (A ) and plip) = p, then (1) = (2); if x satisfies ihe condition
(B, then (3 |: ") = (4); if % satisfivs the condition (A) and p < qlw), then (4) = (1)
finally, i{ 13 evident that

(2) = (20
4 i
3 = (3"

For the proof of Theorem we ngud seme lemmas.

LEMMA 2. If ¢ satisfies condition (A), then
el
> Tk} =0 {np 7" (n))
=n

for all p > plie).
Mroof.  In fact, by the condition imposed on w we have

oo an altl

=Zzip_ Lﬂ{ﬂ—] F(u

k=n I=1 k=n!

< nig F(n) Z r:!-:p '_?“_l}[ﬂ.j
I-1

Let us prove that the last series converges. Choose an r such that el T <o,

then (see the proof of Lemma 1 I:II}} there exists an NV sueh thal o{N) = NY",
Then

(s =]

1/r
' e (%) Ilr i E B Mo .—an el ppli=L)fr

=1

foralln = N. Tet n = nenfip—r) , then EI_ n.Lp —hLl= ”{rx_] {N_”r}d N
where ¢ = pf{p—r) = 00 Note that the last series is convergent. The pmnf is
comnpleted.

The next lemma is a generalization of the classical result {Stout, 1974, p. 127-124),
LEMMA 3. Teb (Xy) < & and 307 P{{ > p(n)} < oo, If

> w0 F(k) = 0 (npP(n)),
E=n

then

> e
n=|
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Proof. Note that if (X < £, e
I r
E | Xt {l1xll < :}” < BET{E < t).

We have

]

Y., =2 MBI X < eln)}

T

8

<Y o "EEI{E < pln)}

8

—Zcp Mn) ZEEFI{‘F’ (k—1) =& < yp(k :']'

nm—1
_> Ee T{w(k mlj-zge:,p }Z:,a
' 3=4 1 i«

Sinee the sequence @ s ncreasing, we can define an increasing fum:tmn. it} such
thal w{gire)) = n. It is well known that BE(8) <14+ 3.2, P{£ > w{n]}. Then
by the condition Ew(£) < oo, By the condition on ¢ there exists 2 € >  such
Ll

IF
Y = zEw{r‘f Lolk - 1) £ £ < (k) Ck " (8)

!{{
= 2: ()" (k) (k = ) {elk — 1) = € < (k) pheo " (k)
k=1
inLﬂ?{E M {ip(k —1) af«ﬂcl.-:{k} CEap{f) < oc.
k=1

The proof is completed.

LEMMA 4. IT (Xp) are independent symmetric random elements, then
E(sup oy [Tall) < 4E (suppps |8all feln)) for any k2> 1.

FProof, By Levy's inequality (Vakhania et al., 1987, Proposilion V.2.3) for all
kem Q= Ploupicnen ITnl > 1} < 2P{||Tw| = t}. Then by Kwapien’s
inequality (Vakhania et al., 1087, Lemma V.4.1 (a)):

15, } { v }
Q‘”P{lﬂtm:l e T B

HEI“:E? P{Supn?_-k ”I;I” - t} < dP{BuPHEEHSﬂlH{PEﬂJ - t}' S0
E TN=[ P Tl >t de
(suplizat) = [ p{ izl >}

< 4fﬂwr{ i lﬁ*l:f }“’f A (i‘lﬂ Jﬂtg)
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The proct iv completed

LEMMA &, Let IV be a space of lademacher typep with 1 < p < 2, (X)) are
independent symmetric random elements satisfying 37 B[ X" f2f(k) < oo,
then B (sup,5, [|Sallfieln)) < se.

Proof. [or auy k > 00 set sy = min{n: iw(n) = 2"] and Ny = {m:my, £ n <
g1} Then by the choies of &) and by Levy's inequality we have

S T
Q= F‘{ suUp 1 = i} = P{ BUp max 15l b E}

n>1 (n) k20 mEN o(n)

5 . o
= }11"{ mnax ”—'531—[1 > ﬁ} < ET—"{ max ||5,| = 2*1}
.i-='l; nicA, l:pl:ﬂ_,l e nifv,

o]
<2Y " P8, call > 2.
k=i

Now applyiug Chehyshey's inequality and {aking into account the type poof &
(Pisier, 1990, we ahserve Lhut

e A g |
Q&2 Z 2R [Soqua P < C#7F Z 2 Z, E{lX ).
i k=10 =1

Changing the order of summation, we ohtain that

QzortSEXP Y o,
f=1

ko

where By — min(k: myyy—1 >}, Naote that for ki the inequalities my  —1 >
and wimy, 4y — 1) > 2% re valid,
Next we estimate the following sum:

it gl J -
Y atea . Pohdlp o M etmes — 1T < Ora (i),
k> kg 5

S0 Q< Ct L B|IX;|Pf(i). Then

: IIST,II) j‘"" { 1|5, }
Elsup 22} <1 [ plagplonll g ]
(:311] wlm) )~ SHE (o Aoy

= E|X P
E]-l-ﬂE—H[ +Pdt < oo,

The proof is completed.

The next lema can he considered as an analoguc of Chung’s law of large numbers
for the weighted sums.
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LEMMa 6. If E 15 of Redomacher type p, 1 < p< 2, then for all indepeadent

symmetric random clements (X ) the condition 37,0, B Xl foe® () 2 oc dmplies
To — 11 & 4.

Proof  Since E Is of type p, B |[E,==1X&f.p{kj||” < O o BIXIP e (k).
Hence the series ¥ 5, Xpfelk) u:.onverge;s in L*{E). Then by (Vukliania ef al,
1987, Theoremn V.2.3) it vonverges a.s, Uy Kronecker's lemina S, /win) — 0 a5
as n — oo, Thus supss, Syfelk) — 0 as asn — oo, By Lemmae § one has
E sup,5; | Sallfiw(n) < co. Hence, by Lebesgne dominated convergence theorerm
E supys, || Skll/e(k) —+ 0 8s n — co. By Lemma 4 we have B supg,, ITell — O as
n—+ oc. Finally, by Chebyshev's inequality P{supgs,, [|Tel = g} = O asno— o0
far all £ > 0. Thus T, — 0 a.s. which completes the proof.

LEMMA 7. Let x satisfy condition (B) and E is not By-convex. Then there
exisl sequences (2,) € B{E) and {ng ), such that

i1:'|1:f Hmg] Z:{::c‘ :.- e

Proof will be carried out by induction. Put ny = 1 and take for , an element
of B with 1/{21)) < |=]| < 1.
Assume that n1, < ny <+« < ny, and (x;)i2) € B(E) sutisfy condition of Lemma.
Choose an mmpq &0 that ng g > Mg /(M — 1) (that is, npgy < Mg —nm )
and xRy ) =400,
Since [ is not Y,-convex, there exist To_ 1,01 Fn,y,, € B{E) such that for any
choice of signs £ we have

|. o R TR = RRRR- R S ” = {]- = %] H(”‘m-&-l = ﬂ'm:"

Henee, by condition (B}

.
T I,
: : 1
. C— e = 4 o
2 ol E T E £ | S | o+t |
L it

et : Iy i i
R L

l x[ﬂlﬂ-'l-l 2o ﬂm} 1 1
ot ] TR
= (1 4) x{M(rmpr —7m)) 4 & 2D

#(1my1)

Now we have everything we need to prove Theorem.

Proof of Theorem. First we show that (1) = {2). Since E is of stable type
p < 2 and p{w) < p, there exists a g > p(ip) such that £ is of Rademacher type g
(Pisier, 1830} Let X" = X d{| X, ]| < @(r)}. Then, hy virtue of Lemnmas 2 and 3,
2 e (n) B[ X5]* < co. Hence by Lemma 6 we have 373, ap{n) Xy — Ou.s.
Moreaver, ¥ oo, P{X, # X} =2 P(X, > p(n)} € 2on, PiE > eln)} <
oo, DBy the Borel-Cantelli lemma P{ X, # X, infinitely often} = 0. Henee T,, = 0

I, H. il TE DD,




ST TR ——

i

i .

oz Ad Voledin

Now show that (39 = {4). Suppose E is Byronvex. Then the eonclusion
of Lemmne 7 holds for some sequence (r,) C B(4&). By the condibion, Yo
Poper O lr) gy — 0 in probability as n — oc. Fix an £ > 0 und let n be so large
that P{||Y,|| = £} < 1/8, Put 2, — ag(n)ex sy, then [|Z4]| £ ap(n) < 1/(n) and
Vo =300, Zi Dy Levy's and Kalmogorow's inequalities (Vakhania et al, 1047,
P'ropositions V.2.3 and V.3.1)

1
ine

il k=1

sobs 10 (41 /pn)) +e¥f2
N }_4(1 E"E:”z )

40

Hewee B ||V, | < 2(e+1/w(n)) 1 EBIJ'IE:I. By the arbitrariness of £ E |
as 4 200 Note thal by Lemma V.4.1(b) (Vakheoia ct al., THETY

1. s -
e LELM Zﬂk{ﬂjhik
:-:fn} k=1 k=1

Yo

2

2
E < 2F, = B[ =

that is, (a(n)) ! Ck=i Skxg — 0 in L*(E) and hence in probability. Out iy
contradicts to the conclusion of Lemma 6.

Finally we prove that (4) = (1), Suppose E is not of stable type p = g{x). Then

I, is finitely represented in B (Pisier, 1990), that is, foralln &€ N and ¢ * 0 theee
XL @y By £ such that for all Ha-eoy 80 & RoALe inequality

& 1/n - 1fm
- (Fm)” e« ()
k=1

k=1

Rt

E Fplp

k=1 ||

i fulfilled
Sinee #2145 B -convex, (here exist n = 2,8 > Usuch that || Loy £ t x|l =
(| —elu{n) for all m, ¢ B(E). Taking for 5; this parlicular collection of HLEIS, we

zen that
n
1/p £ 3
i ('I - i) = Zizk

k=]

A (el

it 1—¢

= (1—&)uln)

ar

Bul this contradicts to the chojee of P = gl x), since from our first lemma ane has
S,y x“f“](n};'n T

5. SUBSEQUENT PROPERTILS OF B,-CONVEX SPACES

With the help of the last theorem we can abtain o number of other properties of
. convex spaces.

6". Tf i satisfies condition (A) and & is By-convex, then E is of stahle type
P pls).
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Femark, 1z evident that the power function satisfies comditions (A) and (B).
In Lhiz rase we ohtain the rarallary to the result of Marcus-Waoycrynaki-Shangua.
Henee a more interesting example wog(n) = n”‘"l:]n o 1), where 1 2 p < 2,
Mol thal the implication (4) = (1) of Theorem implies the next slalement: B-
convexity (v satisfies the condition (A)) makes sense only, if ply) < 2, because
the stable type p makes sense only for p < 2. Moreover, if ¢» satisfies the condition
(A) and ple) < 1, then any space g B-convex. This is the Flemﬁntaw corollary
to the following pmpertv 8

. Lel @ salisly vondition (A}, E is B-convex if and ouly if A (k) — 0 as

k— oo,

Froof It is evident that i Ay (k) 0, then E 15 B-vonvex.
Cin the other hand, if ££1s £ -convex, then by implication {(4) = {1} of Theorem, E
is of stable type p > (). Vorany x;,... 24 € B{E) we have 3,0, [|=¢]|/s" (k) <
b ey Uk} llence, the former series converges {(p > plyp)). By Kronecker's
lemmu ¢ "(k) E:_l " = 0 as k — co. Since E is of Rademacher lype p

(e

The: prool 15 comnpleted.

Bk

i 1fp i 1/F
; ||£.:r1||p) = (__h Z ||z,” ) — 0 as ‘ |

With thie help of the last property it 18 easy to prove the following propecly.

8%, Let &) and £ be normed spaces and let B E; -+ Ey be a linear continmons
and open operator. Let By Le Bo-convex and ¢ sulisly condition (A). Then
RE)) C E; is B -convex,

Mrood. Since f? is continuous, there exists an L > 0, such that ||R{=)|| < &

for all z € B = D&} Sinee the mapping s opeua, it olows that f(B) is
the neighborhood of zero in #2()), that is, there exists a § 2> 0 for which {y €
REEY): v < &} < R(18).
From 77 it follows that we can choose k g0 large that A,(k) < §/25. Tet y,.00 1
belong to the unit ball of B(E;). Then fyp,... dyp £ B{B), that is, there exist
Ty, oz £ B osuch that ey = 4,1 =< 3 < k. Select signe £ ro that the
ineeuadity || )‘:!1 || felk ) < &£/(2E) holds, Then

E by,

I-_]

¥

| 2 =

=1

): +R;

i=1

k]

5.:,::{&

i=]

Henee B{E,) is (2, k, 1/ 2)-convex. The proof is completed.

CoROLLARY. If the normed spaces By and Fy are isomarphic and @ satisfics
condition (A}, then B, is B -convex if and only if By is B -convex.
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