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ON B_-CONVEX SPACES

A.1l.Volodin

§ 1. Introduction

In the present article we generalize the notion of B-convex space and establish
sirengthened laws of large numbers for weighed sums of random elements with  respect Lo
such a generalization. The generalization's essence is concerned  wi th  the replacement  of
power function in  the coavexity definition by an arbitrary function ¢ which  satisfies
certain condibons  on growth.,  Introduced ﬂﬁ—mnvex spaces are characterized by the laws ol

large numbers for weighted sums, while the known before convex spaces  were characterized
by the Marcinkiewicz laws of large numbers, We also establish conditions, under which  the
generalized space is of a stable type p.
Let us introduce notation. Henceforward (E,[.]) means a real separable normed space,
BE)={xel:||x|<l) s the unit ball in E, lxhiT 15 a sequence of independent symmelric ran-
n
dom elements with their values in £, S;Z?&"h and we denote hy € cerain constant  quantiey
Eml]
which can assume different values even within the same formula.
A sequence of random elements (X.) 15 said o be stochastically dominated hy a  posi-

tive random variable & (notation is (X, )<f) if there exists a >0 such that 5upP{'|xh'|>I}ﬂ
LED
2CP{E>1) for all t=0.

We recall the notions of Rademacher’s and stable types of Banach spaces. We shall say
that ¢ 1is a Hernowlli random variable if Ple=l}=P{e=-l}=1/71. Let (£} be a sequence of

independent Bernoulli random  varisbles and {‘,—r':]. lsp«<?, be a seguence of independenl stan-
dard p-stable randem wvariables with the characteristic function expi{-| 7).

el
I for any sequence (x JcE the convergence of the series L |x,|# implies the almost
k=]

-]
sure (a.s.) convergence of the series [ yi{x,, then the Banach space E iz said b possess
Ly i

a stable type p, 1sp<2. If for any sequence (x,)cE the convergence of the series E"ﬂ"P
k=1

=
implies the a.s. convergence of the series ZEE_I&, then the Banach space E iz of Hade-
ka]

macher (ype p, l1sps?. One can find =additional information on the type p in [l] (ch., g1,
[2] and [3] (ch. 3-4).

A few words about the history of the problem. A.Beck i [4] had introduced the nolin
of a B-convex Banach space and proved the swong law of large numbers, which characterizes
these spaces. In [2], B.Maurey and G.Pisier studied the conneclion between the notion of
B-convex space and this of the space of stable type 1. AShangua (see [J] and [6]) had
introduced the notion of E:_-tonvex space, which is a generalization of the notion of B-

tonvex space. The same author had given its characterization in terms of the Marcinkiewicz
sttong law of large numbers. M.Marcus and W.A.Woyczynski in (7] obtained as well a charac-
terization of spaces of swmble tvpe p (which is similar 1o the Shangua's theorem, but the
Ep-mnvcxily had not been introduced) wia the Marcinkiewicz strong law  of large numbers.

Let us dwell on this gquestion in greater detail

=] 1582 by Allerlon Press, lne.
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Assume that Isp<2. A Banach space E is said o be B“—cunvex if there exist >0 ang

intleger k=2 both  such  that for  all x....x eB(E) it 15 possible o choose the signs i

50 that the inequality |£x :._.:xh”a{l-fih”P will be valid.

1
THEOREM (M.Marcus, W.A Wovczynski and A.Shangual, Let l<p<l. The following statemeny
are eguivalent:
(1} E is of stable type p;

(1) for any independent centered random elements (X)) such that (X )<§ and

"

§ [ Pea

the sequernce Snx"n.l'fp —0 a.s.;
{3} E 15 a R;mnwr space.

If we replace the condition of swchastic domination of (X)) i the sutement (1) of
Marcus-Woyczynski-Shangua's  Theorem by the condition of a common  distobubion  of (X0,
lhen we obtain the charactemzation of spaces of Rademacher type p (see [8] and [9]),

Finally, let us note that T.Mikosch and R.MNorvaisa ([l10], Theorem 3.2} had considered
the problem of aracterization of spaces of lype p wvia the convergence of  weighted  sums.
These authors  investigated  the law  of large numbers in the case of multudimensional index
of summing, So, we have to reformulate slightly their result

Let fw a ) be a sequences of real numbers such that lima == and Iimtuhfan-'U. We  in-

i - fi=

troduce the class

. LT el i , =P :
FP - {u.n.unb.r‘};_'#n w Sa - Ok mifual with k—s a:}.
i

We consider weighted sums of the form Z = é—- Emtx‘. where (X,) are independent symmetric
n &=|
random elements.

THEOREM (T.Mikosch and R.Morvaisa), fLet l<p<? and {mn.a”}ef'q for all qrp, The [fol-
lowing statements are equivalent:

(1} E iz of stable tvpe p;

(2} for all independent symmelric random  elemenis t}{n} such that Exk}':{ and EcPam,
the seguence 2ﬁ—-+ﬂ d.5. Wilh n—ss;

(3} for all tndependemt symmetric random elements (X.) such thar (X )<f and & <m,
the sequence Sn/nupﬁ‘ﬂ a.5.

Let us dwell, in particular, on  the implication (2)=(3). This iz precisely the impli-
cation  which, being absolutely evident, allows 1o conclude that (3)={l) with the help of
e.r., (3)=(1) in Marcus=Wovyczynski=Shangua Theorem. The implication (2)={3) shows that in
the item (2} the validity of law of large numbers 5 meant o be satisfled “for all at
once”  weights {mn,an}EFq. The problem which we smdy is somewhat different: what one can

say on a3 presence of the stable type, when the law of large numbers holds true at least
for one weight? We shall give, by these means, an answer o our guestion posed at the end
of [11].

§ 2. Definition of Eﬂ-cnnvtx spaces and their simplest properties

Let £ be a normed space and g={plk)), be an increasing sequence of positive numbers.

Definition. Let ¢ be positive 0 and k®*2 be an integer. The space £ is said o be
(. e)-convex if for all x eB(E), |=i%k, one can choose the signs “£" so that the inegua~
lities | £x,2..2x | <(1-e)plh) are valid.

The space E i35 called B -convex if there exist >0 and k»1 such that E i3 (b, e)"
CONYEeEX,
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Remark. If @(k)=k""" |=p<2, then the «class of B —convex spaces  coincides  with  that
of Epwunvux spaces miroduced by AShangua in [6], and JHﬁ:-rr wihi=k = with the class of B-
convex spaces introduced by A Beck (see [4]).

Let us note some simple properties of !:‘r—cmnvnx spaces. Their proofs differ slightly
from these of Ep-cunvﬂz spaces.

If & normed space E is (y.k,¢)-convex, then:
. for any &:0¢d<c E is (p,k,d)—convex;
. its completion is (g k, & l-convex;
. dny subspace of £ 15 (p.k,rl—convex;
. 18 second dual 15 (p k e)-convex;
5". there exist p<l and &<e such that for any increasing sequence x with =inia¢f(n)
the space £ i5s (x,k,di-convex for all neN.

@

(i}

B g b2 —

Proof. Notice that the properties |° and 1% are straightforward.

2%, Let ?1.....3:n belong 1o the complement of the space E, e, to the Banach space

E. _|f1||--l. 1=i<k, 4620, Since E 5 dense in £, “there exist X.------*-',"EE':E] such  that ||_-;.-III|—.:

wds/h, lsisk. Since E i3 tp ke e)-convex, for cermin collertion of signs £ owe  have  thal
|tx t..tx |<(1-£)@(k). For the same collection we obtain

[ #2220, | = [t 20 WHEE -x )2 2(3(F =x ) | S(1=2 )l R)+d,

By wirtue of arbitrariness of &8=0, we have mf-*]:r1:...:rh]ﬁ{l-r}g¢{k}.

4", Let B=B(E), B""=B(E"") and J:E—E"® be the canonic imbedding of £ into £"*. Then
J(B) is dense in B"" in the sense of s-weak topology (see [12], Theorem V.5).

Ler x?',...,x:' belong B, 4>0, and vector E‘iﬂi.....:.:..} have the coordinates @&

€{-1,+1}, l<i<k. By the norm definition in E"®, for any o there exists x eE" wilh ||x:||-|
Hnd & &’
| 2Tl < I Lax(™>| 4.
Let us consider a neighborhood of zern of £°° defined as
Ué'ﬂ{}:"EE..;[{x.’, x"}|<d},
3 £

where the intersection s taken by all possible values of & Now choase XX, €8 such
that Jﬂxl]EUd*ﬁx?" 1<i=k:

L] & B i L
I ex!"|sj<x Lax]™p+d = [¢xT, e Jlx )¢, Talx"I(x )y | +4=| E a x| +hé+d,
= xing © 0 wiz=t © ga=fir # ! izl
= " &
Choosing o such that | T ax [<ll-e)pir), we obtain that | T ax™™|<(l-ehplh)+S(k+]},
i= i=1 * "

k -
or, due o arbitrariness of 420, inf| ¥ £xT"[<€(l-e)p(k).

= ix)

& i A P a "
37, Set Dik)=sup{inf| ¥ :x‘:] |xnx,®B(E}). The space E is (pkel-convex if and
2 i=]

only if D(R)<(l-e)p(k), or @(k)=D(k)/(l-¢). But then there exist p<l and d&<e  such  that
PP R)=D(R)/(1-5). This implies that for all #(k)»p”(R) the space E is {x,k,d)-convex.

§ 3. Characterization of Eg-cnmax spaces via the
laws of large numbers for weighted sums

Let E be a Banach space and (X ) be a sequence of independent centered random ele-
ments which are taking values in £. Set
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=
Tn *;gtaainixa.

where  a=(ag,(n).I<k=n, neN) s tnangular armay of constants, which  will be called 4
weight. Any weight defines the seguences

pla) = 1/ max |a(n)| and =x(n) = 1/ min |a,(n}], nel.
I Shsn 1 sasn

[n addition, we choose the a so that the sequences (pln))7 and (x(n))T be increasing.

We impose the following conditions uwpon the sequences p and x (which are in  corres-
pondence  with the weight a). Assume that y=(y(n)) {3 an increasing sequence of pusitive
numbers.

Condition (A). yinml=yin)yim) for all n,mel.

Condition  [B). There exist M>l and D=l both such that the inequality  y{Mn)sDyin
halds rue for all neN, For a sequence ¥ we introduce the characteristics:

plz) = inf{p; 7 x""{n]»'m}.

nwj

gly) = sup{q: sup y%(n)/n<l}.
nal

The next Lemma establishes the relation between these characteristics.
LEMMA 1. {f x sarisfies the condition (A), then plyl=qiy)= lim |na/inygin). The sup-
= -
remum in the definttion of qly) v to be antatned, te., supy™*'(n)/n%l,

nel

Proof. L Fimt let us show that the limit lim lnn/lny(n) exists and equals qgly).
-

Take an arbitary g<giy). Then for all a»2 we have that y{nl<a'’7

Hence, lim Inaslnyi{n) =
= lim Jﬂn/-‘%lnn‘-q. hew lim Innding{ni=qgly).

Now let us take an arbitrary g>g{y). Then there exists N2 such that y(N)>N''9  For
all n=pN we have

lag._n [ log nl
zin) = y(N "y » N ""n]

where [ ] is the integer pamt of a number. From this, applying the condition (A) [og, ]
limes, we ohtain that

lia ] log =1 leg  n-1
g (N N (T () TN e,
Consequently,

Im Inn/lng(n} < Tim Enn{éinn—hinﬂ'”q’l - q,
L., 11m Inn/inyi{n) < giy). Finally, lim InnAInyini=qgiy).
=
Il. MNow let us twrm o the proof of the equality plyi=giz). It is clear that pigl=
*gly), because for any p>piy) the series § 7 %(n) converges. Hence y®(n)/n—.
n=l
Let us show that piyisg(y). To this end we have 1o show that for all prgiy) lhe in-
equality paply) is valid. Assume p>qiy). For any ¢>0 there exists N such that for all n=N
we have Iny(n)/Inn=l/qlyl=¢/p. This implies
E x_'u{ﬂ:' = i ”'Plutnzfnﬁ- EI.": nopinziaizinn E n—pl]/q{xj-n'p:l‘i n—p/q{xll-o: -
naM e M =N ney n=N
Having chosen e>0 small enough for pfgiy)-£>1, we obtain the convergence of the series
L z7Pin), e, p=pir).

na=]
ITI.  Finally, ler us show that the supremum in definition of gy} is altainable.
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Assume the contrary: there exists N2 such that NN e g (N)=sNYY for some
s»1. By the condition (A), we have that y(N®)2*(N)=s*N"7Y But (his yields the contra-
diction

gly) = lim Inn/lngin) = lim InN*/Ing(N®) < InN/tns+(InN)/qix)) < gly).

= p N+ e
THEOREM. Consider the following statements:
(1) E is of stable type p. 1%p<2 (le., is Hp—mnvexl;

(23 for all weights a from EP{.EW{HJ}*:N it Jollows that Tn—ﬂ] .5, for all inde-
A=l

pendent symmetric random elements l.‘k’k}&: ;
{2*) the watement (2) is fulfilled at least for one weighi ;
n
(3) ror all weights a the sum Y aktn}ﬁarh—ﬂ] in  probablity with n—we, for all x e
k=]
eB(E) (g, are independent Bernoulll random variables);
£ } the stotemers (3) is fulfifled at least for one weight a;
(4) the space & 15 B _—convex.

If o safisfiex dhe condition (A) and  pleiep, then (U2} of = salisfies {B), rthen
(3" weld): if = satsfies (A) and psglx), then (4)=(1); finally, it (s evident that
(2 = 2°)
Ll
(3) =»( 371
In order to prove Theorem we need few Lemmas.
LEMMA 2. {f v salisfies the condition (A), then for all prplp) we have
L w Pth) = Olnp™P(n)).
Lan

Proof. Indeed, by the condition imposed on @, one has

o nime=1) - =
E e P(k) =T T ¢ Plr) s T npPam < e Pln) T Plm),
m=1 k=nm m=l m=l

- MNote that the latter series converges, because p>plpl.

The following Lemma is a generalization of well-kKnown resub (see (131, pp.127-128).

LEMMA 3, Let (X )<f and EP{gkgmjﬁm. it

n=1
T PRy = Olng™®(n)), then T p POE]X, [PI{| X, [<etmd) < =,
rxn n=1
Proof. First note that for (X )< we have
EjX, I{]x J<tH® = EFPI{S<t)
Thus,
e Ep“tn:ﬂ‘]'-: PPI{lx <eini} = E-'p PLr)ESTI{E<pin)} =

a=| n=1

E,o Pin) E EEFT{plh-11sEp(l)} = T EEFI{plk-1)=i<plk)} Eep‘*’cm.
nel k=] =1
In view of the sequence ¢ be increasing one, we can correctly define an  increasing
function (1) for which yl@(n)i=n. It is kmown that EwE.E‘J-‘HEF{.E:-rp{nJ}. Then, due to the
n=1

tondition, Ew(f)<=. By the condition imposed on ¢, there exists =0 such that

D) zwt,ﬁﬁ-ﬂf{pm—l}-:;c,pm;c:qp'm} < G §EpEZe Bl (pta-1)sE<pth) kg P(R)
Aal a=l

5
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<C T Egp(E) {plh-1)<E<(R)) < CEW(E) < .
Ex]

LEMMA 4. I (X,} are independent symmetric random elements, then E(sup 1T =
nay E
=4E(sup|5_|/ein)) for all k>1.
nak

Proof. By the Levy's inequality (see [14], Propositon V.2.3), for all hsm we haye
that O=P{ sup ||Tn||>l'}ri1'P{iTn]H}. But then, by the Kwapien's inequality ([14], Lemma
dxnem

V.d.ltad), it follows that
0 < 2|5, |/ptm>t} < 4P{ sup |S_[/pin)>t).
EEsm

Consequently, P{sup|T _|>t}=<4#{sup{5 _|/p(n)>t}. Hence,
Ll il

[E{:::EI]THH:I - J:[P{supETnf‘-*r}dr < 4J-P{ﬁup‘]5”1/wpf.n}>t}dr = 4E(sup|S_[|/ptnr)).
LT ] LE n=Aa

Lemma 5. Let E possess the Rademacher type p, 1<p<2. If (X, are tndependent symmet-
rle random elements satisfying [ E| X |Prgf(R)m, then E(sup|s_]/pin))<e, .
0y el

Prool. Tet us set mn-min{n:grimll“i and Hﬁ-{mmﬁnf-mh_l} for any k=0, Then, by the
chowe of ¥ and by Levy's inequality, we have that
O = P{sup{s [/p(ni>t} = P{sup max|S |/p(n)>t} =
nat " a0 nEN, n

kil nEN nEe

if:IF{mnx [|5n||f<,:-{n}‘:-r} < i?{max isﬂ;:‘z"r} < ] iF{HSm _l|]>2*t]-_
" k=l Hl k=i R+l

Now, using Chebyshev's inequality and taking into account that E is of the Rademacher rype
polsee [11], ch2, §2; (2], [3], ch.3-4), we obiain that

- P P ™ m;.l_l'
ﬂ:sr‘?g:‘“‘zl T x.ﬂ <ctPTI Y E|X.|P.
k=D =1 I 'L i=1 "

Altering the order of summing, we obtain

'L
o= CtP i E! x’lﬂﬁ E -1—&..':. .ié
121 “'l'ﬁ L

where  komin{k:m, _ -1>i}. Note that the for &, the inequalities mkﬂﬂ-lii and p{mkﬂ_!-lp .'_i'_?&'l'
B+
52 Y are valid, Let us estimate the sum:
g ap =Lk +1}p - -

L 2% =—=—3 V" < Clplm, -1))"F < Cg?(i).

CELA 1-27° (1
Hence,

@ < Cr P § ELX [Prefiin.
i=1

Then

Esup|S_|/¢tn) = I+rﬂ’{sup§5_}ﬂpfn}>r}d! < l+CiEHX_||F/pP{E}I Tt <,
e | T T izl S 1

The following Lemma can be considersd as an analog of Chung's law of large numbers
{cf. [15])) for weighted sums.

LEMMA B, {7 the space E is of Rademacher type p, 1<p<l, then for any independent
symmetric random elements (X,) the condition EI ]Xl]"fﬁ{h}m tmplies T —0 a.s.
=1

Proof. As the space E is of the Rademacher tvpe p (see [1], ch.2, §2; [21: [3], ¢ch
J=43, so
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£] L X, 7pth)]* < ng E| X, | PAePtR).
=1

=]

Therefore, the series ixh/-,am converges in  LP{E). But then ([14], Theorem V.2.3) it
Aal

converges a.8. By the Kronecker's Lemma, we have 5 Zplnl=+0 as. It means that sups Aplk)—
hien

—0 a5 with n—== By Lemma 5 we have that Esup| Sn-| Apin)<m. By the Lebesgue Thearem,
k=]

ESUpHSk"/g{k}w—rﬂ with n—we. By Lemma 4, EsupITa”—&ﬂ with n—o. Finally, by the Chebyshev's
Lo BB

inequality, we have that P{sup|T [>¢}—0 with n—w for all e>0. Hence T —0 as.

kan

LEmida 7. Let ¢ salisfy the condition (B) and the space E be m:n"HI-L':mw.',t. Fhen  there

exist the sequences lJ:"JEﬂtE} and thJ:q such that
n

. i oy
infl —— +x |=1/12D).
M gy Lol

We will prove Lemma by the induction. Put n =1 and wke in the capacity of x in

|
element £ with 1/(20)<] x| <1,

i
Assume that there are n<n<.<n and (x) T cB(E) which satisfy the conditions of

Lemma. Choose n_,  so that the following inequalities hold tue: n  >Mn /(M=1) lie.,

n”HIcCMi.nnHI—nm}] and ;{inwl}?Jan.m.

X, el( )y such that for

As the space L s not B -convex, so there exist x .,

m ml
arbitrary chosen signs "*" one has
S o =
I::.-:“ s ] | >:(l !.r“dlfrx'[rlwI n_).
m el
But then, by virtue of the condition (B}, it follows
1 1 !, . b | 14 :
x—{n—TEixli...I.fn ! > En—}'j_.fn +|5 ..... X 4 || x—{n—rliljt...xln " >
m+l m+ m+l m m=] m+l m
i + = 4
- xEJ"r'I[J'lm_J—ﬂmTirxnm-li“'-xam‘ll L LT g

= (1-/9gln - ) p(Mn_ —n ))-1/(4D) = 1/(2D),

1

Proof of Theorem. First let us show that (l)=(2). As E is of swmble type p<? and
Pplsp, there exists gPple) such that E is of the Rademacher type g (see [1], ch2, §2;
[2; (3], cn3-4). Ler X =X I{]X |<p{n)}. Then, by virue of Lemmas 2 and 3, the series

ugsrp'q(n}E"X;

|9<m. From this, by Lemma &, we have Euﬂfn}}f;—:ﬂ a.5. Moreover,
&l

L PIX, =X} = T P(X >p(n)} < L P{&>pln)} < =.
nel nuj nal
By the Borel-Cantelli's Lemma,
P{X_=X' infinite times} = 0.
Therefore, Tn—l-ﬂ a.5. wilh fe——,
Now let us demonsirate that (3" )={4). Let E be non-4_-convex. Then for a sequence
(rn}cﬂiE‘}l the assertion of Lemma 7 takes place. By the condition,

I"l -

T -tg[un{nlrﬁxh—rﬂ
in probability with n—, We fix #>0 and choose n large enough for P{|Y_[>e}<1/8. Put n, =
"G#[n.}rkr

n
- Then ||:~;t|]=ﬁak|:n}i1/-pfr‘1.'l and YH-E-;A, By vwvirtue of Levy's and Kolmogorov's
a=]

7
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inequalities {see [14], pp.211,223), we have
L i Y 1
3> P{| Ldzep > 3[1
N | &

zﬂ’ltis+];';,c-[n?'.l:+r:x'1]. As ¢ is arbitrary, so Et‘."n"l—rﬂ With n—wo,

_ lexl/pd n))*+rets2)
ey, |
]

Therefore, E|Y |

Nule that due to Lemma V.4.1 (b) (see [14]) it follows thart
- 12 ~cl & 2 s s
E|iffr'1] *Z]EAJM it iuglﬂhtﬂjﬁnlal = ‘t'lh rl.“ .

. 1. & : Loy aneaaantl 1 : "
Lty FRY kEtle*—rU‘ in LE) and, consequently, in probability”.  Bul this  contradicis

the statement of Lemma.
Finally, let us show that (4i=(1). Suppose that E is being not of the stable lype p=
=gix), Then |'F is finitely representable in E  (see [1], ch2, § ([2]; (3L ch.d=4}), e,

for ull neM and e*0 there exist r|-"'*"'fc'£ such that for all .-:I...._r:”EIR the inequality

n o 1/p
< (Lls.17)
Bu)
wmovalid,

As E 1w B‘-rurwex. <o there sxist n=2 and >0 such that for all J:bEIE:EJ we  have thal

n -] i P
;]—.:;[ ¥ |sh§"] -z! Y, 5%

Y| la=)

|+ 4 +x“||x{1-;;:m; Taking namely this collection of signs in the capacny of 5, W

g
nhlain that

F
YP(leer?) = i < (l-elxin),
At l-e hgl x,
or
xini/n » ({1-e/20/01-e)? > L

But this contradicts the choice of p=q(x), because due to Lemma | we have that
sup =¥ (n)/n < L.
nal
§ 4. Subseguent properties of B -convex spaces
With the help of proved Theorsm we can obtain a4 number of properties of Bw—cﬂﬂ’-’f—'x
spaces, which are not so trivial as 1°-3° were.
6°. If w satisfies (A) and (B), then the following statements are equivalent:
(1) the space E is of stable 1ype p=plgl;
(2) for any independent centered random elements (X)) such that H(k}‘-'-f and ELP{E}
=
>e(n)}<e, the seguence S /pin)—0 a5 with n—e;
(3) the space E ix BP—r:u.-wEx.
Remark. It is obvious that power funciions satisfy both  the conditions (A) and (B}
In this case, we obuin the statements of Marcus-Woyczynski-Shangua’s Theorem. Therefors
the example w{n}-n“;’(lnnﬂl, 1<p<2, must be more interesting one.

Note that the implcation (4)=(1) of Theorem implies the next statement the nation
of E..u -convexity (@ satisfies (A)) makes sense only for plpl<i, because the notion of
J Pren r R | than a0y
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7°. Let g satisfy the condition (A). The space E then is Elp-r:mue:: i and oaly if
4 (k= with k—sem.
Proof. [f Aplk}—rﬂ. then, obviously, the space E is Ep-mnvex.

Vice versa, if E is E;mnvem, then, by implication (4)=(1} of Theorem, E is of the

stable type p>gly). For any x .,x, ®B(E) the series is such that

0 EX L O 1)
LER A
Consequently, it converges, because p>pip). By the Kronecker's Lemma,

&
L_ 7 1x,]7—0 with £— =,
eP(R) s
Since £ is of Rademacher type p, we have that

& Py g 1 ] /g
I};:s::ﬂ:fﬂ J - C[w”{k? j;l|x‘ﬂ‘”] — 0

**

&l

with fi—wo.
With the help of the property 7° it is easy to establish
8. Let Ej and J':'2 be normed spaces, R:f:.'l—*&.'z be  linmear contfinuows aed sopened  oper—

ator, Moreover, assume that E.I is -'.I!ﬂ*conw:x and ¢ satisfies (A). Then R(EI-}I:E_,L tx HIF'“:.-rm*
VEX.

Proof. Since R is continuous, there exists [>0 such that |[Rix)|<L for all xeB=H(£, ),
The openness of the mapping implies that R(B) is the neighborhood of zero in REE1}. I8,
there exists 420, for which we have [yER[E,]:lyH(dﬁﬂR{ﬂﬁ.

Let us choose & so large that Aﬂikiid/'ZL. This can be done due to the property 77,
Let Yooy, belong to the unit ball of the space RIE). Then we have that 'ﬁyr'"'d}'ne
el(8), i.e. there exist xl.,...xhs-ﬂ such  that Rx‘.-dyi, Isi{=h. Let us arrange the signs in
such an order that the inequality

ol

ﬁ'ﬂ% r :x‘“ < 3/(1L)

holds true. Then

1 &
mﬁﬂ | _:J_ le|

hi=1

k
E:in| < w12

im]

1 | & I I o I
?‘]E]HL‘EFTEH E‘F*ﬂ:!;gj.‘d';'i.l SplR]|
Hence, RE) is (g, 1/ 2)—convex.

Corollary. If the normed spaces E, and E, are isomorphic and s satisfies (A), then E
is B -convex if and only if E, is B -convex.

I wish 10 express gratitude to A.N.Chuprunov for his valuable advice.
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