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ON COMPLETE CONVERGENCE FOR ARRAYS OF ROWWISE
NEGATIVELY ASSOCIATED RANDOM VARIABLESY

C mOMOLIBIO METONOB, PA3BUTHIX B [4], MBI yCTAHABIMBAEM DE3YJIBTAT
O TIOJTHOM CXOMUMOCTH B CXE€ME CEPHUU MOCTPOYHO OTPUIATENBHO acCONUMPO-
BaHHBIX CJIyJYalHBIX BEJIMYNH, KOTOPHIN 060611aeT pe3ynbTaTsl padot [2], [1]
u [8].

Karouesvie cao8a u @pasvl:  OTPUIATEIHHO aCCOMUUPOBAHHLIE CITydali-
Hble BEJIMYUHBI, CXeMa CEPUIl MOCTPOYHO OTPUIATEIHHO ACCOMUUPOBAHHBIX
CITyJaTHBIX BEJIMYIH, HOJTHAS CXOOUMOCTb.

The paper [4] provides sufficient conditions for complete convergence for sums of
arrays of rowwise independent random variables. The wide majority of results on complete
convergence known in literature could be derived from the main result of [4]. In that paper
one can find also a short history of the complete convergence notion and the corresponding
references. The purpose of the present investigation is to prove by the methods developed
in [4] that the main results of [2], [1], and [8] remain true for negatively associated random
variables.

In this paper we assume that {X,x, 1 < k < kn, n > 1} is an array of random
variables defined on a probability space (Q, %, P), {kn, n > 1} is a sequence of positive
integers such that lim, . k, = co, and {cn, n > 1} is a sequence of positive constants.
For an event A € % we denote by I{A} the indicator function. We note that all the
results of this paper remain true in the case k, = oo for some/all n > 1, provided the
series > 72 | Xk converges almost surely. Certainly, we should consider sup instead of
max in the case of infinite sums. In what follows, C' always stands for a positive constant
which may differ from one place to another.

Recall that a finite family of random variables {X;, 1 < ¢ < n} is said to be negatively
associated (abbreviated to NA in what follows) if for any disjoint subsets A and B of
{1,2,...,n} and any real coordinate-wise nondecreasing scalar functions f on R* and ¢
on R%,

cov (f(X,,i€ A), g(X;,j€B)) <0

whenever the covariance exists. An infinite family of random variables {X;,7 > 1} is NA
if every finite subfamily is NA.

This concept was introduced in [3]. The authors of [3] also pointed out and proved
in their paper that a number of well-known multivariate distributions possess the NA
property. The following exponential inequality of Kolmogorov’s type is proved in [7].

Lemma 1. Let {X;, 1 <1< n} be a sequence of NA mean zero random variables
with B|X;|*> < oo for every 1 <i < n and let

B, = iEXf.
=1
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Then for alle >0 and a > 0

k
P{ max ZXi 26} < 2P max | X >a}

1<k<n 1 <i<n
i=

2
€ 2 ae

Our main result, which could be considered as a partial generalization of Theorem 1
in [4], is the following.

Theorem 1. Let {Xnk, 1 < k < kn, n > 1} be an array of rowwise NA random
variables. Suppose that for every € > 0 and some § > 0

(1) oz en 2002 P{|Xni| > €} < oo, _

(i) there exists j > 1 such that >.°° | (3", DXy T{| X0i| < 8})7 < 0o. Then

1<m<kn 1

> cnP{ max [(Xpk — EXonI{| X 0| < 6}]| > 5} < oo
n=1

for any € > 0.

Proof Let {Yu, 1<k <kn n>1} bea monotone truncation of {Xnr, 1 <
k < kn, n > 1}, namely, Yo = XnoI{|Xnk| < 6} + 0 I{Xnr > 6} — 6 I{Xnr < —6},
where § > 0 and 1 < k < kn, n > 1. Note that by Property 6 in [3] (applied twice) we
can conclude that {Y,r — EYypk, 1 < k < kn, n > 1} is an array of rowwise NA random
variables.

Forn>1and 1< m<k,let

m m
T = Yok, Sm= Y Xnk,
k=1 k=1

Sy = > Xk H{| Xk <6}, Zm =Y _(0I{Xpx > 6} — 6 I{Xnx < —6}),
k=1 k=1
k kn

A = (V{Xnk = X I{| Xnie| <0}, A= | { Xk # Xk I{| Xnx| <63}
k=1 k=1

Note that for any n > 1

P/ max |Sm—Es:n|>e}:P{ max |Sm—ES§n|>s}nAC}

1<m<kn 1<m<kn

+P{{ max |S,, — ES,,| > E} N A}

1<m<kn

kn
<> P{[Xu| > 6} + P{ _max |8}, —ES),| > s}.
e1 ISMKRn

The last term can be estimated in the following way:

P{ max |S;n—Es;n|>a}:P max |(Tm—ETm)+(Zm—EZm)|>s}

1<m<kn 1<m<kn

<P{ max \Tm—ETm|>§}+P{ max |Zm—EZm|>%}.

1<m<kn 1<m<ky,
By the Markov inequality P{maxi<m<k, |Zm — EZn| > £/2} < sz’;l P{|Xn| > 6}
By (i) it is enough to prove that

chP max |Tm — ET,,| > E} < o0.
n=1

1<m<kn
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Let B, = ZﬁllD(Ynk. For any ¢ > 0 and a > 0 set d =
min{1, ae/(186%), a/(126)},

kn
N; = {n: B, >ae}, Nz = {n: Z P{|Xnk| > min{§, g}} > d},

k=1

kn
Ns { > DXk I{| Xk| < 5}>}, N, = N — (N3 UN3).
k=1

We can state that N1 C N2 U N3, because

k'll
B, =Y [DXnk I{|X k] < 8} + DO I{Xnp, > 6} — 6 I{ X < —56})
k=1

+2c0v (Xnk I{| Xnk| <8}, 0 I{Xpp > 0} — 6 I{ X < 5})]

ZDXM I{|Xni| < 6} + 96 ZP{\XMI > o}

k=1 k=1

Note that

max |T —ET\>8}\ Z Cn

<m<k
S neNyUN3

P{|Xnk\ > 5}+ ch<ZDX o I{| X k| < 5}) < 0.

Hence it suffices to prove that }°, n, cnP{maxi<m<i, [ 205 (Yar — EYaz)| > €} < oo
By Lemma 1 we have

> o {n,:a 2 (Yo~ BY,) }

neNy

1<k<k

+4exp{f4(a657j3n){l+§l (1+;—iﬂ”

max |EY,x| < max E|Y,.x|
1<k<kn 1<k<kn

< max <6P{\Xnk| > 6}+E\Xnk|1{|Xnk| < 9} +E|Xnk\I{§ < Xok] < 5})

1<k<kn

kn
<25ZP{|Xnk|>min{%,5}}+ <28d+ - <

k=1

< Z Cn {2P max |Ynk —EY,| > a}
neNy

Note that for any n € Ny

(the last but one inequality holds, because n ¢ N3). This implies that, for any n € Ny,
maxi<k<kn, |EYnk| < a/2 and

nk — n < n n
| Dax | Yok EYk|>a} Z:lc P{lgﬁi |Yk\>2}

lP{Xm > min {5, %}} <oo (by (i)
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Therefore it is sufficient to prove that
2
2 ae
A= n — |1+ - In(1+ — .
Zcexp{ (a€+B){+3n(+Bn>]}<oo
nelNy
When n € N4, B, < ag, and 5", P{|X,i| > 0} < 1. Let a = ¢/(125). We have

A exp{—%j} ZCnexp{—jIHW}

neNy

) o5 2o

nelNy neNy

95° Z P{|Xnx| >0} + Z DX I{| X k| <

k=1

C Z Cn
neNy
C Z Cn
neNy
C Z Cn
N

J kn J
{952 ZP{|Xnk\>5} + ZDXnkI{|Xnk|<6}]}

c > cn{ (96%)7 ZP{|XM| > 6} + annkzﬂxm 5}] }<oo

neNy = k=1

by the assumptions. The proof is completed.

In the following two corollaries of Theorem 1 we assume that {X,x, 1 <k < kn, n >
1} is an array of rowwise NA random variables such that conditions (i) and (ii) are satisfied.
Corollary 1 shows that the main result of [2] and [8] remains true for negative associated
random variables.

Corollary 1. If 3F" EXp; I{|Xni| <0} —0 as n — oo, then

oo kn
chP{ >E} < o0 for any € >0.
n=1 k=1

Corollary 2 shows that the main result of [1] remains true for negatively associated
random variables.

Corollary 2. If maxic<m<ky, | 2oieq BXnil{|Xni| < 6}|—0 as n — oo, then
oo enP{maxi<m<k, | 2opeq Xnk| > €} < oo for any e > 0.

Similar argument as in [2, Remark 2] gives the following result.

Corollary 3. Let {Xni, 1 < i < kn, n = 1} be an array of rowwise NA random

variables with EX,, =0 for alln > 1 and 1 < k < kyn. Let ¢(z) be a real function such
that for some 6 > 0
2
sup —— < oo and  sup x < oo0.

©>8 <15( ) 0<azs B(T)
Suppose that for all € > 0, conditions (i) and
(i) there exists j > 1 such that 320 co(30", Ed(|Xnk|))! < oo and
Fr Ed(|Xnk|) — 0 as n — oo are satisfied. Then

Z cnP{ lgr?nagxkn ZX"’“ > E} < 00
n=1 k=1
for any € > 0.
P roof. We show that the conditions of Corollary 2 are satisfied.
For (ii) note that
kTI,

2 kn
EX2 | Xok| <0V < sup —— S Eé(| X))
3 BXL Xl <3} < sup S5 B o)

k=1
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Since EX,,; = 0 it follows that

m

max | > EXn I{|Xnk| <6} = max EXoi I{| X 1| > 6}
k=1 k=1

1<m<kny 1<m<kny

kn
x

< sup—— > Eo¢(|Xni|) —0 as n — oo.
= z>06 (17) ;

Remark. By Theorem 1 and Corollary 3 we have that Corollaries 1 and 2
in [2] are also true if we assume negative association instead of independence and re-
place weighted sums by the maxima of weighted sums. By Theorem 1, it is easy to obtain
the sufficiency parts of Theorems 2.1 and 2.3 in [6] and Theorems 2.1 and 2.2 in [5].

Acknowledgment. We would like to thank Professor V. M. Kruglov for helpful com-
ments that lead to substantial improvement of the main result of the paper.
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